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d(o, m) = k

N`D;W
d(w, m) = k − r P �wA¸]EA(c d(o, z) > r P ��OFTZK�OëTZbwTN
\d³CibjbjTN'FSVA�btTUD;K(A z ∈ Z ⊆ Br(o)

L # C
d(z, m) = d(w, m) = k − r

L

nD8K(CED;bjAMJi^FA.D;K�A P AMFEA(GZ�
btcjGMTUDF] w ∈ W
TUb�N¢c¸cjOFA¶bjN�
\A

WYTUbtcMNED;K�A %¨GjC 

m
NEb0A�FEA.GI��K�CHGjGMA.K�cjTUCED

z ∈ Z P cMO=^;b W ⊆ Z
L C×CHGjA.C�FEA(G P �JA�O;N�FEA

d(o, m) ≤ d(o, z) + d(z, m) P bjC k ≤ d(o, z) + k − r P bjC d(o, z) ≥ r
L?*±b

z ∈ Br(o)
P

�wA\WYA.WF^;K�A�cjO;N`c
d(o, z) = r

L CÜCEGMA(C�FEA.G P �wA¶O;N�FEA¶b>c�N¢cMA.W×cMO;N¢c d(z, m) = k − r P bjC�wA�K�CHD;K�SU^;WYA�cMO;N¢c
Z ⊆ W

L
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\A(cjGMTUK±TVDicjA.Gjd;GjA(cMN¢cMTVCHDvC&%BcMOFA�GjALbt^FSVcJN�'³C�FHA�Li@BA�c+^;b+WYA��;DFA¸cjOFAV��:=< 7 :;�)7
[o, m] = {w ∈ Σ∗ : d(o, w) + d(w, m) = d(o, m)}

N`D³WÜcMOFA �'$ !I��12:
Cr(o) = {w ∈

Σ∗ : d(o, w) = r}
L;g+OFA.CTL �\btcMN¢cMA.bJcMO;N¢c4N\b>cMGjTUDF]

z
TUb±N�dRCHbMbjT2'FSUAhK�CEGMGMA.KpcMTVCHDëC�%

m
$ ,

z ∈ [o, m] ∩ Cr(o)
L¦g+OFA�%îNEK�c¸cMO;N¢c

m
O;NHb¸bjA�FHA(G�N`S'd³CibjbjT2';SVA0K(CEGMGjALKpcMTVCHD;b±bjOFC��4b�cMO;N¢c

cjOFA�]HA(C�
\A(cjGZ�vC&%
Σ∗ TUb�FHA(GZ��WYTN?RA.GjA.DHc�%¨GMC�
�cjO;N`c4C&%

IR2 L
# A.K(CED;WYSN� P 'F^;TVSZWYTUDF]�cjOFA�K�A.DicjGMAJC�%³N ';N`SUS>%¨GjC 
$btcjGMTVDF]ib!CED0TVcMb�dRA(GMTUdFOFA(GZ��TZb�WYT@S�K(^FS�c

%¨CEG+N¢c+SVALNEbtc�D�GjALNEbjCED;bML"(¸DëcjOFA�CEDFA¸O;N`D³W P (Σ∗, d)
TZbJNV
\A�cMGjTZK±bjd;NEK(A���TVcjO
DFC�FHA.K�cjCEG

btd;NHK�A�NEb�NEDX^FD;WYA.GjSN�=TVDF]vbtcjGM^;KpcM^FGMA�LFg+OFTZb�TZb+cjOFA�bMN&
\A�btcjCEGZ�ëNHb+T % �JA �JA(GMA�cjGZ�=TVDF]¶cMC
SVALN`GMD�cjOFAëWFTUbI	Yb�C&%�cMOFAëd;SUNEDFA ��TVcjO B ^;btc¶N8K�C�
\d;NHbjb 'F^Yc�D;CÜGj^;SVA.GMLML�L (¸D cMOFAëCEcjOFA.GO;N`D;W P cjOFA�d;GjC 'FSVAM
�TZb %¨CEGZ
\NESVSN�$4T��!I� ;=��P�> �
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g+OFA(GMA;%¨CHGjA P �wA 
�^;b>c¶b>cM^;W"� cjOFA '³N`SUSUb�TUD 
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vN&	EA¶cMOFA 'RA.btc�dRCHbta
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Br(o)
' ��:��?�&7 :�� Bmax

r (o) ' $ � 7 4T:P��:�7 �
���1 1�7 4T:��07 !�$ ��<���794C�&7 �Z:�12�&�><E7 �
Br(o)

���?�E�&!I: ��� 7E��K $ 7V 07A12:��><�794
� Bmax

r (o) = {z ∈
Br(o) : ∀w ∈ Br(o), |w| ≤ |z|}.��� < � P SUA�c Σ = {a, b}

L *¸b
B1(ba) = {a, b, aa, ba, bb, aba, baa, bab, bba} P �JA ]EA�c

Bmax
1 (ba) = {aba, baa, bab, bba}

L¢g+OFAhb>cMGjTUDF]HbwC&%
Bmax

r (o)
N`GMA4GjAM
vN`GZ	�N�'FSUA '³ALK(NE^;btA

cjOFAM�XNEGjA¶N`SUS ';^FTVSVc�%¨GMC�
 cMOFA¶K(A(DicjGMA
o
'��×WYCHTVDF]

r
TVD;bjA(GjcjTUCED³b�L # CëO;N�F=TUDF]�CHDFA�btcjGMTVD;]

w ∈ Bmax
r (o) P CEDFA���bjT2
\dFSN��H³O;NHb�cMC�]E^FALbjb4cjOFA�TVD³btA.GtcMA.WXSUA�ctcMA(G�b±NED;W×WYA(SUA�cMA�cMOFA�
 cjC

�;D;W
o
NE]HNETVD L@G A�]HA�cM�UJx(}&��{\ó'²�|\�

�<�*���)�����! ��+��" H %
w ∈ Bmax

r (o)
$ ,

(o � w
�����

d(o, w) = |w| − |o| = r)
�

? !I����� �¸@BA�c'^;b�NHbjbj^C
\A�cjO;N`c
o � w

NED;W
d(o, w) = |w|−|o| = r

LLg+OFA.D
w ∈ Br(o)

L�@BA�c
w′ '³AJN4b>cMGjTUDF]P� �N7 � |w′| > |w|

L�g+OFA.D P '��<D&GMCEd L � P d(o, w′) ≥ |w′|−|o| > |w|−|o| = r PbtC
w′ 6∈ Br(o)

L4g+O;A(GMA;%¨CEGMA P w ∈ Bmax
r (o)

L Q CED�FHA(G�btA.S2� P SUA�c w ∈ Bmax
r (o)

N`D³W
k = d(o, w) ≤ r

LBg+OFA(D cjO;A(GMA�A�&=TZbtcMbhNëGMA���GMTVcjTUDF]
WFA(GMT2F¢N¢cMTVCHD
o

k
−→ w

L�
 %JN
WYA(SUA�cMTVCHD
N`dFdRA.NEGMb4NESVCHDF]\cjO;TUb¸WYA(GMT2F¢N`cjTUCED P cjOFA.D+%¨CEGM]EA�cjcjTUDF]vTVc¸SUA.NEW;b+cjCëN�DFA�� WYA.GjTNF¢N¢cjTUCED$%¨GMC�

o
cjC
btC 
¶A¶b>cMGjTUDF]

w′ ��OFCHbjA0SUA(DF]EcjO TUb |w| + 1
N`D;W ��O;CHbjA�WYTZb>c�N`D;K(A�cMC

o
TZb

≤ k P btC
w 6∈ Bmax

r (o)
L 
 %+N×bj^C';btcjTVcj^YcMTVCHD N`dFdRA.NEGMb�NESVCHDF]ëcMOFAëWYA.GjTNF¢N¢cMTVCHD P bjN�� N`D a

'�� N
b PcjOFA.D 	EA(A.dFTUDF]hcjOFA

a
N`D³WV
vN&	=TUDF]hcjO;A4TVD³btA.GtcMTVCHD¶C�%�NhD;A��

b
N`SZbtChSUA.NEW;b�cjC0N�WFA(GMT2F¢N¢cMTVCHD

%¨GjC 

o
cjCÜbjC�
\Avb>cMGjTUDF]

w′ ��OFCHbjA\SVA.DF]`cMO TZb |w| + 1
NED;W�WYTUbtcMNED;K�A\cMC

o
TZb

≤ k P btC
w 6∈ Bmax

r (o)
LBg+O;A(GMA;%¨CEGMA P CHDFS2�×TUD;bjA(GjcjTUCED;b�CYK(K(^FG�N`SUCEDF]ëcjOFAvWYA.GjTNF¢N¢cMTVCHD P btC o � w

L
@�NEbtcjSN� P T2% k < r P cjOFA.D WYCHTVD;]
CHDFAV
\CHGjA¶TVD³btA.GtcMTVCHD8SUA.NEW;b4cMCXN
WYA.GjTNF¢N¢cjTUCED %¨GjC 
 o

cjC
btC 
¶A

w′ ��OFCibtA±SVA.DF]`cMOvTUb |w|+1
NED;WvWYTZb>c�N`D;K(A�cjC

o
TZb
≤ k P bjC w 6∈ Bmax

r (o)
L=[4A.D;K�A

k = r
L

utUwx.}&��{\ó'²�|\�
# A�FHA(G�N`S+b>cMGjTUDF]Hb¶C�%

Bmax
r (o)

N`GMA@FHA(GZ��TVD"%¨CHGI
vN`cjTNFEA�L 
nD;WFA(A.W P SVA(c a ∈ Σ
'³A×N`D

N`GZ'FT�cMGMNEGI�vSUA�cjcjA.GMLFg+OFA.D
cjOFA�btcjGMTVD;]
aro = a . . . a

︸ ︷︷ ︸

r
��� � �	�

o
bjN`cjTZb��³A.b

o � aro
N`D³W

d(o, aro) =

r P bjC aro ∈ Bmax
r (o)

L C×CEGMA(C�FHA(G P T2%³CED;A 	=DFC��4b r P CEDFA+K(NED0A.NHbtTUSN��WYA.WY^³K�A o
L�G A�K�SZN`TN


cjO;N`c � � NESVSUC�� ^;b�cMCë]EA(c±OFCHSUWXC�%
aro

%¨GMC�
 N`D��Xb>cMGjTUDF]
w ∈ Bmax

r (o)
'��Xb �+N`d;dFTVD;]

cjOFA�SUA�cjcjA(G�bQ-îbjA(A *±SV]HCTL��*/0L
eFCEG�TUD;btcMNED;K�A P Bmax

2 (bb) = {aabb, abab, abba, abbb, baab, baba, babb, bbaa, bbab,
bbba, bbbb}

L E�^FDFD;TVDF]+$��#�	��6	
��
�
� �
� �	� � CED cMOFA×b>cMGjTUDF]

w = baba
NED;W G�NEWFTV^;b

r = 2
cMGMNED;b %¨CHGI
vb P N¢c�A.NEK�O SUC=CEd P cjOFA ith

SUA�cjcjA(G�C&%
w
cMC8N`D

a
cjO;N`c�TZb�dF^Fc¶N¢c�cjOFA

'³A.]ETUDFDFTUDF]�N`D;W
cMOFA(D×bj^C'C
\T�c�b4TVc�cjC\cMOFA (¸G�NEK�SUA�L
c
K(CE^FDicMbJcMOFA�D=^C
V'³A.G�C&%!cjTN
¶ALb�cMOFTUb

cjG�N`D;b %¨CEGZ
vN¢cjTUCED
TUb�NHK(K(A(dYcMA.W LCG A�]EA(c��

i w w′
� �

(w′) w
K�O;NEDF]EALb

c
1 baba aaba baba

D;C
0

2 baba abba
����� �HA.b

1
3 abba aabb

����� �HA.b
2
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��ö������ Ï ö	� o�m�}nq>��{i� w = x1 . . . xn ∈ Bmax
r (o) �E}>silJqto.¹H��yim r
�� Í � Ï ö	� }>sHl+r�l�{¢}nq>l o x(º�}>silJ¯=o.��� Br(o)� û c← 0; i← 1; a← xn½ û ø�
�� � ö c < r

ú ù
� û ÕwmnmnyH~�l w = x1 . . . xn

o({=¹¶��lM} w′ = ax1 . . . xi−1xi+1 . . . xn� û �������
(w′) = ��� Q Î 
³ö�� w← w′; c← c + 1

ö�� ú ���
� û i← i + 1W û ö�� ú ø�
�� � ö
X û Õ2mnmnyi~�l w = x1 . . . xn

o.{=¹ Ï ö Î � Ï � xr+1 . . . xn

G OFA(D
c = 2 = r P $��#�	��6 
*� �

� �
�#� � �
btcjCHd;b ��T�cMO
w = aabb

N`D³W
GMA�cM^FGMD;b
o = bb

L
� 9Q<�<�D #�% .�1 < � � �A$ �V����!0!I:���7

�
�4$ *�:��

r
���?�

w ∈ Bmax
r (o) ' $ �#�	��6 
�� � � � � �	� �!I:;7= "!0�C�

o
 ���$ �><

O (|o| + r)
� � �&�?�@�I3T��165�����7 $ ��1 ��7 �� "�T7 ���P7%$ 7 :��

? !I����� �¸@BA�c¸^;b±bjOFC���cjO;N`c4cjOFA�b �+N`dFd;TVDF]vCHd³A.GMN`cjTUCEDXTZb4K�CHGjGMA.K�cML;@�A�c
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Bmax
r (o)

NED;W
w′ = ax1 . . . xi−1xi+1 . . . xn

%¨CHG¶bjC�
\A
i ∈ 1..n
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 %�cjOFA.GjA
A'&YTUbtcMb¶N¢c
SVALNEbtc±CEDFA�WFA(GMT2F¢N¢cMTVCHD

o
r
−→ w

��OFA.GjA�cMOFA�SUA�cjcjA(G
xi

C&%
w
K(C�
\A.b�%¨GjC 
 NED
TUD;bjA(GjcjTUCED×TUD

o P cMOFA(D�WYA.SVA(cjTUDF] xi

N`D;W WYCETUDF]
cjOFA¶TVD³btA.GtcMTVCHDÜC&%wNED
a
TUD %¨GMCEDic�C�%

o
�=TUA(SZWFbhN
btcjGMTVD;]

w′ cjO;N`c+bMN¢cMTUbJ�;A.b o � w′ NED;W |w′| = |w|
LFI �OD&GMCEd L1� P �wA¸]EA(c d(o, w′) = |w′| − |c| =

|w| − |c| = r P bjC$'�� D&GjCHd L D P w′ ∈ Bmax
r (o)

NED;W � �
(w′) =

������L (¸D cMOFA�C`cMOFA(G
O;N`D;W P T %'cjOFA.GjAhTZb+DFC¶WFA(GMT2F¢N¢cMTVCHD@��O;A(GMA xi

TUb+TUDicjGMC=WF^;K�ALW '��ëN`D
TVD³btA.GtcMTVCHD P cjOFA.D xi

TUb
N � GMA.N`S=HYSUA�ctcMA(G4C�%

o
L 
nD
cMOFTZb4K(NHbtA P WYA(SUA�cMTVDF] xi

N`D³W
TUD;bjA(GjcjTUDF]vN`D
a
�=TVA.SUW;b�Nvb>cMGjTUDF]

w′� �N7 �
o 6� w′ LBI �.D&GjCHd L � P �JA\]EA(c d(o, w′) > |w′| − |o|

L *¸b
|w′| = |w| P �wAvWYALWY^;K�AcjO;N`c

d(o, w′) > r
L # C

w′ 6∈ Bmax
r (o)

NED;W � �
(w′) 6=

� �*��L
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Z = Bmax
r (o)

L *±b
m = (a1 . . . an)k

��T�cMO
k ≥ |o| + r P �JA×]EA(c o � m P bjC '��

D&GjCHd L � P d(o, m) = |m| − |o|
L¦@BA�c

w ∈ Bmax
r (o)

LBI �.D&GMCEd L D P �JA0]HA�c o � w
N`D;W

d(o, w) = |w| − |o| = r
L C×CEGMA(C�FHA(G P NHb m = (a1 . . . an)k

��T�cMO
k ≥ |o| + r P �wA]EA�c

w � m P btC$'��KD&GMCEd L � P d(w, m) = |m| − |w| = |m| − |o| − r = d(o, m) − r
L
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d(o, w) = r

N`D³W
d(w, m) = d(o, m) − r P �wAëWFA.WY^;K(A�cMO;N¢c Bmax

r (o) ⊆ Z P '��g+OFA(C)L:�CL
�4C�� SUA�c
z ∈ Z

LRg+OFA(C)L1� �=TUA(SZWFb
d(o, z) = r

L

 %
o � z P cjOFA.D z ∈ Bmax

r (o)'>�OD&GMCEd L�DCL 
 %
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%¨CHG¸NESVS

w ∈ Bmax
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L # C
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r (o)

L
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