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a1 . . . an
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NED;W
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u
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u0, . . . , un ∈ Σ∗ bt^;K�OÜcjO;N`c v = u0a1u1 . . . anun

L
* 12�&�><� T��<>:±TZb2NED��¶bj^C';bjA�c
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N`D³W
a 6= b

Li@BA(c k
−→

WYA(DFCEcjA
k
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∣
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B1(ba) = {a, b, aa, ba, bb, aba, baa, bab, bba}
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(o, r)
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nD;WYA(ALW P TVcMb�btT � AëTUb |o| + log r

L C×CHGjA.C�FEA(G P WYA.K(TUWFTVDF]#��OFA�cMOFA(G w ∈ Br(o)
CHG�DFC`c�TUb

T2E\A.WYTZN¢cMA � (¸DFA×CEDFSN� O³NEb\cMC -��M/�K�C�\dF^FcjA
d(o, w)
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��OFA�cMOFA(GëcjOFTZb
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∣
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P �JA�WYA.WF^;K�AhcMO;N¢c d(o2, w) >
∣
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m
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%¨CEG+N¢c+SVALNEbtc�D�GjALNEbjCED;bML"(¸DëcjOFA�CEDFA¸O;N`D³W P (Σ∗, d)
TZbJNV\A�cMGjTZK±bjd;NEK(A���TVcjODFC�FHA.K�cjCEG
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� Bmax

r (o) = {z ∈
Br(o) : ∀w ∈ Br(o), |w| ≤ |z|}.��� < � P SUA�c Σ = {a, b}

L *¸b
B1(ba) = {a, b, aa, ba, bb, aba, baa, bab, bba} P �JA ]EA�c

Bmax
1 (ba) = {aba, baa, bab, bba}

L¢g+OFAhb>cMGjTUDF]HbwC&%
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r (o)
N`GMA4GjAMvN`GZ	�N�'FSUA '³ALK(NE^;btA

cjOFAM�XNEGjA¶N`SUS ';^FTVSVc�%¨GMC� cMOFA¶K(A(DicjGMA
o
'��×WYCHTVDF]

r
TVD;bjA(GjcjTUCED³b�L # CëO;N�F=TUDF]�CHDFA�btcjGMTVD;]

w ∈ Bmax
r (o) P CEDFA���bjT2\dFSN��H³O;NHb�cMC�]E^FALbjb4cjOFA�TVD³btA.GtcMA.WXSUA�ctcMA(G�b±NED;W×WYA(SUA�cMA�cMOFA� cjC

�;D;W
o
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w ∈ Bmax

r (o)
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(o � w
�����

d(o, w) = |w| − |o| = r)
�

? !I����� �¸@BA�c'^;b�NHbjbj^C\A�cjO;N`c
o � w

NED;W
d(o, w) = |w|−|o| = r

LLg+OFA.D
w ∈ Br(o)

L�@BA�c
w′ '³AJN4b>cMGjTUDF]P� �N7 � |w′| > |w|

L�g+OFA.D P '��<D&GMCEd L � P d(o, w′) ≥ |w′|−|o| > |w|−|o| = r PbtC
w′ 6∈ Br(o)

L4g+O;A(GMA;%¨CEGMA P w ∈ Bmax
r (o)

L Q CED�FHA(G�btA.S2� P SUA�c w ∈ Bmax
r (o)

N`D³W
k = d(o, w) ≤ r

LBg+OFA(D cjO;A(GMA�A�&=TZbtcMbhNëGMA���GMTVcjTUDF]WFA(GMT2F¢N¢cMTVCHD
o

k
−→ w

L� %JNWYA(SUA�cMTVCHD
N`dFdRA.NEGMb4NESVCHDF]\cjO;TUb¸WYA(GMT2F¢N`cjTUCED P cjOFA.D+%¨CEGM]EA�cjcjTUDF]vTVc¸SUA.NEW;b+cjCëN�DFA�� WYA.GjTNF¢N¢cjTUCED$%¨GMC�
o
cjCbtC ¶A¶b>cMGjTUDF]

w′ ��OFCHbjA0SUA(DF]EcjO TUb |w| + 1
N`D;W ��O;CHbjA�WYTZb>c�N`D;K(A�cMC

o
TZb

≤ k P btC
w 6∈ Bmax

r (o)
L  %+N×bj^C';btcjTVcj^YcMTVCHD N`dFdRA.NEGMb�NESVCHDF]ëcMOFAëWYA.GjTNF¢N¢cMTVCHD P bjN�� N`D a

'�� N
b PcjOFA.D 	EA(A.dFTUDF]hcjOFA

a
N`D³WVvN&	=TUDF]hcjO;A4TVD³btA.GtcMTVCHD¶C�%�NhD;A��

b
N`SZbtChSUA.NEW;b�cjC0N�WFA(GMT2F¢N¢cMTVCHD

%¨GjC 
o
cjCÜbjC�\Avb>cMGjTUDF]

w′ ��OFCHbjA\SVA.DF]`cMO TZb |w| + 1
NED;W�WYTUbtcMNED;K�A\cMC

o
TZb

≤ k P btC
w 6∈ Bmax

r (o)
LBg+O;A(GMA;%¨CEGMA P CHDFS2�×TUD;bjA(GjcjTUCED;b�CYK(K(^FG�N`SUCEDF]ëcjOFAvWYA.GjTNF¢N¢cMTVCHD P btC o � w

L
@�NEbtcjSN� P T2% k < r P cjOFA.D WYCHTVD;]
CHDFAV\CHGjA¶TVD³btA.GtcMTVCHD8SUA.NEW;b4cMCXNWYA.GjTNF¢N¢cjTUCED %¨GjC  o

cjC
btC ¶A

w′ ��OFCibtA±SVA.DF]`cMOvTUb |w|+1
NED;WvWYTZb>c�N`D;K(A�cjC

o
TZb
≤ k P bjC w 6∈ Bmax

r (o)
L=[4A.D;K�A

k = r
L

utUwx.}&��{\ó'²�|\�
# A�FHA(G�N`S+b>cMGjTUDF]Hb¶C�%

Bmax
r (o)

N`GMA@FHA(GZ��TVD"%¨CHGIvN`cjTNFEA�L nD;WFA(A.W P SVA(c a ∈ Σ
'³A×N`D

N`GZ'FT�cMGMNEGI�vSUA�cjcjA.GMLFg+OFA.DcjOFA�btcjGMTVD;]
aro = a . . . a

︸ ︷︷ ︸

r
��� � �	�

o
bjN`cjTZb��³A.b

o � aro
N`D³W

d(o, aro) =

r P bjC aro ∈ Bmax
r (o)

L C×CEGMA(C�FHA(G P T2%³CED;A 	=DFC��4b r P CEDFA+K(NED0A.NHbtTUSN��WYA.WY^³K�A o
L�G A�K�SZN`TN

cjO;N`c � � NESVSUC�� ^;b�cMCë]EA(c±OFCHSUWXC�%
aro

%¨GMC� N`D��Xb>cMGjTUDF]
w ∈ Bmax

r (o)
'��Xb �+N`d;dFTVD;]

cjOFA�SUA�cjcjA(G�bQ-îbjA(A *±SV]HCTL��*/0L
eFCEG�TUD;btcMNED;K�A P Bmax

2 (bb) = {aabb, abab, abba, abbb, baab, baba, babb, bbaa, bbab,
bbba, bbbb}

L E�^FDFD;TVDF]+$��#�	��6	
��
�
� �� �	� � CED cMOFA×b>cMGjTUDF]

w = baba
NED;W G�NEWFTV^;b

r = 2
cMGMNED;b %¨CHGIvb P N¢c�A.NEK�O SUC=CEd P cjOFA ith

SUA�cjcjA(G�C&%
w
cMC8N`D

a
cjO;N`c�TZb�dF^Fc¶N¢c�cjOFA

'³A.]ETUDFDFTUDF]�N`D;W
cMOFA(D×bj^C'C\T�c�b4TVc�cjC\cMOFA (¸G�NEK�SUA�L
c
K(CE^FDicMbJcMOFA�D=^CV'³A.G�C&%!cjTN¶ALb�cMOFTUb

cjG�N`D;b %¨CEGZvN¢cjTUCED
TUb�NHK(K(A(dYcMA.W LCG A�]EA(c��

i w w′
� �

(w′) w
K�O;NEDF]EALb

c
1 baba aaba baba

D;C
0

2 baba abba
����� �HA.b

1
3 abba aabb

����� �HA.b
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r (o) �E}>silJqto.¹H��yim r
�� Í � Ï ö	� }>sHl+r�l�{¢}nq>l o x(º�}>silJ¯=o.��� Br(o)� û c← 0; i← 1; a← xn½ û ø��� � ö c < r

ú ù
� û ÕwmnmnyH~�l w = x1 . . . xn
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(w′) = ��� Q Î ³ö�� w← w′; c← c + 1

ö�� ú ���
� û i← i + 1W û ö�� ú ø��� � ö
X û Õ2mnmnyi~�l w = x1 . . . xn

o.{=¹ Ï ö Î � Ï � xr+1 . . . xn

G OFA(D
c = 2 = r P $��#�	��6 
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� ��#� � �btcjCHd;b ��T�cMO
w = aabb

N`D³W
GMA�cM^FGMD;b
o = bb
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���?�

w ∈ Bmax
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�� � � � � �	� �!I:;7= "!0�C�

o
 ���$ �><

O (|o| + r)
� � �&�?�@�I3T��165�����7 $ ��1 ��7 �� "�T7 ���P7%$ 7 :��

? !I����� �¸@BA�c¸^;b±bjOFC���cjO;N`c4cjOFA�b �+N`dFd;TVDF]vCHd³A.GMN`cjTUCEDXTZb4K�CHGjGMA.K�cML;@�A�c
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r (o)

NED;W
w′ = ax1 . . . xi−1xi+1 . . . xn

%¨CHG¶bjC�\A
i ∈ 1..n

L  %�cjOFA.GjA
A'&YTUbtcMb¶N¢c
SVALNEbtc±CEDFA�WFA(GMT2F¢N¢cMTVCHD
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��OFA.GjA�cMOFA�SUA�cjcjA(G
xi
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w
K(C�\A.b�%¨GjC  NEDTUD;bjA(GjcjTUCED×TUD

o P cMOFA(D�WYA.SVA(cjTUDF] xi

N`D;W WYCETUDF]
cjOFA¶TVD³btA.GtcMTVCHDÜC&%wNED
a
TUD %¨GMCEDic�C�%

o
�=TUA(SZWFbhN
btcjGMTVD;]

w′ cjO;N`c+bMN¢cMTUbJ�;A.b o � w′ NED;W |w′| = |w|
LFI �OD&GMCEd L1� P �wA¸]EA(c d(o, w′) = |w′| − |c| =

|w| − |c| = r P bjC$'�� D&GjCHd L D P w′ ∈ Bmax
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NED;W � �
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������L (¸D cMOFA�C`cMOFA(G
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TUD;bjA(GjcjTUDF]vN`D
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�=TVA.SUW;b�Nvb>cMGjTUDF]

w′� �N7 �
o 6� w′ LBI �.D&GjCHd L � P �JA\]EA(c d(o, w′) > |w′| − |o|

L *¸b
|w′| = |w| P �wAvWYALWY^;K�AcjO;N`c

d(o, w′) > r
L # C

w′ 6∈ Bmax
r (o)

NED;W � �
(w′) 6=

� �*��L
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Z = Bmax
r (o)

L *±b
m = (a1 . . . an)k

��T�cMO
k ≥ |o| + r P �JA×]EA(c o � m P bjC '��

D&GjCHd L � P d(o, m) = |m| − |o|
L¦@BA�c

w ∈ Bmax
r (o)

LBI �.D&GMCEd L D P �JA0]HA�c o � w
N`D;W

d(o, w) = |w| − |o| = r
L C×CEGMA(C�FHA(G P NHb m = (a1 . . . an)k

��T�cMO
k ≥ |o| + r P �wA]EA�c

w � m P btC$'��KD&GMCEd L � P d(w, m) = |m| − |w| = |m| − |o| − r = d(o, m) − r
L

*±b
d(o, w) = r

N`D³W
d(w, m) = d(o, m) − r P �wAëWFA.WY^;K(A�cMO;N¢c Bmax

r (o) ⊆ Z P '��g+OFA(C)L:�CL
�4C�� SUA�c
z ∈ Z

LRg+OFA(C)L1� �=TUA(SZWFb
d(o, z) = r

L
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LFIJ^Yc

cjOFA.D P d(z, m) ≥ |m| − |z| > |m| − |o| − r = d(w, m)
%¨CHG¸NESVS

w ∈ Bmax
r (o) P ��OFTZK�OK�CEDicMGMNHWYTUK�cMb

z ∈ Z
L # C
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r (o)
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��T�cMO8N�bj^0S�K�TUA(DicjSN�XSUNEGj]HA
k
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cMOFANED;bI�wA.G0cMO;N¢cE�wCH^FSZW ]ETNFEAëN

D!A.G %¨ALKpcI(¸G�NEK(SVAO-îNHb '³A�%¨CEGMAM/0L
e'TUG�b>c P �wA
NEbMbt^C\A\cMO;N¢c�NED A'&YdRA(Gjc�K(NED ALNEbjTVSN� WFA�cjA.GI\TUDFA ��OFA(cjOFA.G�NED A'&FN&\dFSUA

%¨^FS@�³SUb¶NÜK�CHD;K�A.dYc�CHG�DFCEc P cjO=^;b�O;A(GMA P ��OFA�cMOFA(G w
'³A.SVCHDF]Hb�cjC

Br(o)
CHG0DFCEcML # C �wA

NEbMbt^C\AXcMO;N¢c�T2% � �
(w) =

')�*� P cjO;A(D � �
h(w) =

')�*�&L # ALK�CED³WYS2� P ��O;N`c�TUb�GjALN`SUS2�
O;N`G�W
%¨CHG\cjOFAXA�&=dRA(Gjc�TZb¶cjC ����7 3? "7 :XcjO;AÜK�CEGMGMA.KpcMTVCHD C&%

w
��OFA(D

w 6∈ Br(o)
P N`D³W

¶CHGjAvd;GjALK�TZbtA.S2� P N×btcjGMTVDF]8C&%+cjOFA ';N`SUS&cMO;N¢c0TZb@���@�;1N����:$7 � w
���<3C����� $ ��12:�L *4]HNETVD P TVc

TUb¶GMA.NEbjCED³N&'FSUA�cMC8cMOFTVDT	 cjO;N`c � �
h(w)

��TUSVS�'RA
TUDôcjOFA+';NESVS P btC d(o,
� �

h(w)) ≤ r
L

Iw^Fc\C�%�cjA.D P � �
h(w)

��TVSUS4DFCEcE'RA×NEbvK(SVCibtAXNEb\dRCHbMbtTN'FSUAëcMC
w P bjC d(w,

� �
h(w)) ≥

d(w,
� �

(w))
L # cMN��=TVD;]�NhbtcjA(dvNEOFA.NHW P �wA 0^³b>c&DFC�� JH^³N`DicjT2%9��OFC���%îN`G � �

h(w)
K�CH^FSZW

'³A %¨GMC�
w P 5 �N! �N7 �;N\dRA(GI%¨A.K�c�K(CEGMGjALKpcMTVCHD L*
FEA.GI� �;G�b>c�TZWYALN4TZb¦cjC¸^;bjA2N4]HA(C�\A(cjGMTUK�WYTZbtcjGMT2'F^FcjTUCED L # C4SUA�c

X = d(w,
� �

h(w))−
d(w,

� �
(w)) P cjO;N`c \A.NHbt^;GjALb�OFC��/%îN`GwNED�N`dFd;GjC*&YTN\N`cjA�K�CHGjGMA.K�cjTUCED\TZb %¨GMC� N�d³A.G %¨ALKpc

CEDFA L nDicj^FTVcjTNFEA.S2� P NED�N`dFdFGMC*&YT2vN`cjA�'F^Yc+b>cMGjCHDF]9(¸G�NEK�SUA���TUSVS³C&%�cjA.D�dFGMC�F=TUWYA4K(CEGMGjALKpcMTVCHD;b
� �N7 �

X = 0 P bjC�\A�cMT2\A.b X = 1
NED;W0G�N`GMA(SN�

X ≥ 2
LML�L Q CED�FEA.GMbjA(SN� P N`D *�W"FEA.GMbMN`GZ� P cjO³N¢c

WYC=A.b�DFCEc��+N`Dic�^;bhcMCÜSVALN`GMD P �JCE^FSZW�b �YbtcjAM\N`cjTZK(NESVSN�Ü]ETNFEA '³NEW�N`D;bI�JA(G�b � �N7 � X > 0
L

g�C$%¨CEGZvN`SUTUbjA¶cjOFTZbhTZWYA.N P �wA\TUDicjGMC=WF^;K�AvNXK�CHD0�³WYA.D;K�A\d;NEGMN�¶A(cjA.G 0 < p ≤ 1 P K(NESVSUA.WcjOFA � �Z�� "!I� �'5 12: *�:;1 ��� 794C: � !Z����12: P cjO;N`c�cjG�N`D;bjSUN`cjALb2cMOFA Ji^;N`SUTVc ��C&%!OFA(G4NED;b �JA(G�bML=g+O;ANEK(K(^FG�NEK;�ôC&%0N D�A.G %¨ALKpc.(¸G�NEK(SVA ��TUSUS�'RA � P ��OFA.GjALNEbvcMOFA NHK(K(^FGMNHK;�ôC&%0N CÜNESVTZK�TUCE^³b
*�W"FEA.GMbMN`GZ�E�wCH^FSUWëcjA.D;W
cjCBRTL

Q CED;K(A(GMDFTVD;]�cMOFA0WYTZbtcjGMT2'F^FcjTUCED$%¨CEG X P �wA�NHbjbj^C\AhcjO³N¢c Pr(X = k) = (1 − p)kp P%¨CEG�N`SUS
k ∈ IN

LBg+OFA.GjA�%¨CEGMA P ��T�cMO8dFGMC�';N�'FTUSVTVc � (1 − p)kp P cMOFAvK�CEGMGMA.KpcMTVCHD � � h(w)
C�%

N
btcjGMTVD;]
w
��TVSUS '³A\TUD8cMOFA�cMN`GM]EA(c '³N`SUS P N¢c�WYTZb>c�N`D;K(A k

C&% � �
(w)

LBI+NEbjTUK.N`SUS2� P �JA�]HA�c
E(X) =

∑∞
k=0 kp(1−p)k = (1−p)

∑∞
k=1 kp(1−p)k−1 = (1−p)(1/p) = (1/p)−1

L
# C���OFA(DôcjOFA (¸G�NEK(SVATUbEFHA(GZ� NEK.K�^FG�N¢cMA P bjN�� p = 0.8 P cjOFA.DßcjOFA×N�FEA.GMNE]EAëWFTUbtcMNED;K�A'³A(c �wA.A(D�N`D�N`dFdFGMC*&YT2vN`cjA�NED;W N
dRA(GI%¨A.K�c0K�CHGjGMA.K�cjTUCEDÜTZbhSVC�� - RTL D G /0L Q CHD>FHA(G�btA.S2� P NED
A'&Yd³A.GtcE��TVcjO SUTN¶TVcjALW K(C�\dF^Yc�N¢cjTUCEDôK(N`d³NEK�TVcjTUA.b P bjN�� p = 0.4 P \TU]EOic�C�%�cjA.D dFGMC�F=TUWYATVD;NHK(K(^FGMN`cjAhK�CHGjGMA.K�cjTUCED;b P N¢c4WYTZb>c�N`D;K(A2��L G�CHDXN�FHA(G�N`]HA�L

(¸^FG \C=WFA(S;C�% *4dFdFGMC*&YT2vN`cjA (¸GMNHK�SUA+TUbwbtTN\dFSVA LEeFCHG&TUD;b>c�N`D;K(A P �JA±WYC�D;C`c2bj^FdFdRCHbjA
cjO;N`cXbjOFA8O³NEbN`D�� \AM¶CHGI� P cMO=^;b '�� bj^C'C\T�cjcjTUDF]ôc ��TUK(A8A�FHA(GZ�ßbtcjGMTUDF]

w P �JA#��TUSVSdFGjC ';N&';S2�h]EA(c D¸WYTN?RA.GjA.DHc�K�CHGjGMA.K�cjTUCED;b P cMO;N¢c&K�CH^FSZWP'³AJ^;bjA.W�cjC �Z�&!0!I:��;7 7 4T:�����!0!I:���7+$ �&�C���
nD C`cMOFA(G+�JCEG�WFb P NEb$�JA NHbjbj^C\AÜcMOFA TVD;WFA(dRA(D;WYA.D;K�A�C�%0OFA(G×NED;b �JA(G�b P 0^;S�cMTVdFSN�=TVD;]
cjOFAvbMN&\AVJi^FA.GI�ÜNESVSUC��4b�cMC��������07¸CH^FG *4dFdFGMC*&YT2vN`cjAA- G ALN&	 /Q(¸GMNHK�SUA�TUDHcMCNAD�A(GI%¨A.K�c
- # cMGjCHDF]�/\CHDFA�L�(¸D cjOFAÜCEcjOFA.GëO;NED;W P �wA �+N`DicëOFA.GjAXcMC btcj^;W"�ôcjO;A#'RA(O;N�F=TUCE^FG�NED;W
cjOFA¶GjALbtTZbtcMN`D³K�A�C&%&CH^FGhN`SU]ECEGMTVcjOC�cjCN`dFdFGMC*&YT2vN`cjA�N`D³b �JA(G�b P DFC`c¸cjC
WFA.bjTV]HD×cjOFA 'RA.btc
d³CibjbjT2';SVA2NESV]HCEGMT�cMOC P N�'FSVA2cjC±NHbjbjTN¶TUSZN¢cjA2TVD;NHK(K(^FGMN`cjA2K(CEGMGjALKpcMTVCHD;b�L # C±CE^;G'bjT2\dFSUA6\CYWYA(SC&% *4dFdFGMC*&YT2vN`cjA (¸GMNHK�SUA¸TZb4bj^0S�K�TUA(Dic %¨GjC �cjOFTZb�F=TUA���dRCETUDHc�L

�M�
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eFCESUSUC���TVDF] g+OFA(C)L G P CE^FG¶N`SU]ECEGMTVcjOC b �YbtcjA�vN`cjTZK(N`SUSN�8]E^;A.bMbtALbhcjOFAëcMNEGj]HA�c ';NESVS ��T�cMO
cjOFA�OFA(SUdëC�%'N9D!A.G %¨ALKpc (¸GMNHK�SUA�Lig+Oi^³bwTZWYALN`SUS2� P OFAhWYC=A.bJDFCEc+K(C�E\T�c�N`D��\A(GMGMCEG�LHIJ^Yc+C&%K�CE^;GMbjA P cjOFTZbhTZb���GMCED;] ��OFA.D8OFA\TZb¸TUD %¨GMCEDichC&%wNED,*±dFdFGMC*&=TNvN¢cMAO(¸G�NEK�SUA�L�g+OFA.GjA\N`GMA
btAMFEA(G�N`S �+N��=b±cjC+\A.NHbt^;GjA¶OFTZb¸A.GjGMCEG�L?G A¶cjO;TVDC	8cjO;N`chcjOFAvbtcMN¢cMTUbtcjTZK(NES ¶A(cjOFCYWFb �^;btc
'³A0WFTUbMK(NEGMWYALWXbtTUD;K�AhcMOFA��XN`TN�N`c¸NEbMbjA.bMbtTUDF]�cjOFA�]HA(DFA.GMNESVTZbMN¢cjTUCEDA(GMGMCEG+^;bjTVDF]\cMA.btc¸bjA�cMb
N`D;W K(GjCibjbta=F¢NESVTZWFN¢cMTVCHD %¨CHG0TUD;b>c�N`D;K(A P cMO;N¢c¶TUbP%îN`G %¨GMC� CE^FG�SVALN`GMDFTUDF]Xd;N`G�NEWYTU]� ��g+O;A
btdFTUGMT�c+C&% � ^FA(GZ�v@BA.NEGjD;TVDF]�TUbwcMOFAhA'&FNEK�cJTZWYA(DicMT@�³K.N¢cMTVCHDëC&%�N`SUSRcjOFA ';N`SUSZb�L G A �+N`Dic+OFA(GMA
cjCëbjOFC���cjO;N`c�*4SU]EC)L)D¶TUb±GjALbtTZbtcMN`Dic�cMC�N`dFdFGMC*&YT2vN`cjA�K�CHGjGMA.K�cjTUCED;bMLFg+OFA(GMA;%¨CHGjA P N \CEGMA
GjA.SVAMF�NEDic�\A.NEbj^FGMA�TUb±cjO;AQ3?!Z:Z��$ ��$ ����C&%�cMOFA�NESV]HCEGMT�cMOC P cjO=^;b±cjO;A0D=^C�'RA(G¸C&% ';NESVSZb4O;A
TUb4N�'FSUA¸cMC �;D;WC�FEA.GwcMOFA�D=^C�'RA(G�C�% '³N`SUSUb+OFAhTZb4NEbI	EALWvcMCvGjA(cjGMTVAMFEA�L

G A¸O;N�FEA±K(CED;WF^;KpcMA.W\cMOFA %¨CHSVSUC���TVD;]�A'&YdRA(GMT2\A(DicM� G A � &
|o|+ r = 200 O eFCHG2A�FHA(GZ�

0.5 ≤ p ≤ 1 P �JA vN�	EA r
F¢N`GZ� 'RA�c �JA(A.D+D R0NED;W �MP R�'>��btcjA.d;b+C&% D8R O g+OFA.D �JA�NEbMbtALbjbcjOFA�dFGMA.K�TZbjTVCHD�C&%BcMOFAhN`SU]ECEGMTVcjOC C�FEA.G �MR ';NESVSZb6��O;CHbjA¸K�A.DicjGMA.b P C�%�SVA.DF]`cMO 200− r P NEGjAGMNED;WYC�\SN�vK�OFCHbjA(D L�G Ah]EA�c�e!TV])L �CL�G A�GMA�vNEGI	¶cjO³N¢c+cjOFA�NESV]HCEGMT�cMOC TUbJdFGMA�cjc ��GjC 'F^;btc

cjC
cjOFAvN`d;dFGjC*&YTNvN¢cjTUCED³b4C&%wcjOFAB(¸G�NEK�SUA�L�eFCHGhTVD;btcMNED;K�A P OFA\TUbhN&';SVA�cjCTUWFA(DicjT2%9�8N&'RCE^Fc
75%

C&%�cMOFA�';NESVSZb�%îNEK�ALW+��T�cMO NEDÜNEK(K(^FG�NEK;�
SVAMFEA.S�C&%
p = 0.9

L�(�%2K�CH^FGMbjA P NEb±CEDFA0K.N`D
A'&Yd³ALKpc P ��TVcjOÜSUC��JA(G4SUA�FHA(SZb4C&%&NHK(K�^;GMNHK;� P cjOFA�d³A.G %¨CHGIvN`D³K�A�C&%�cMOFA0NESV]HCEGMT�cMOC Ji^FTZK�	=S2�
WYGjCHd;bQ-

15%
%¨CHG

p = 0.5
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G AXN`SZbtC btO;C�� P TUDße!TU]TL � P cMOFAN�FHA(G�N`]HA�WYTUbtcMNED;K�ALb '³A(c �wA.A(D cMOFAXK�A(DicMGjALb�C�%4cjO;A
cMN`GM]EA(c ';NESVSZb+N`D;W�cjOFAhK�A.DicjGMA.bJC&%BcMOFA ';N`SUSUbJSUA.NEGjDic '��\cMOFA�N`SU]ECEGMTVcjOC ��OFA.DëOFA�%îN`TUSUbwcMC
�;D;W0cjOFAM$L�G A+C�'³btA.GIFHA2cMO;N¢c�cjO;A.bjA+WFTUbtcMNED;K�ALb!NEGjAJDFCEc!cMO;N¢c�TN\d³CHGtc�N`Dic��+0 FHA(D ��T�cMO¶NED
NEK(K(^FG�NEK;�vSUA�FHA(SBC�%

p = 0.5 P cjOFTZb4WYTZb>c�N`D;K(A�TUb4SVALbjb+cMO;N`D 4
LFg+OFA(GMA;%¨CHGjA P cjOFA.GjA0TUb�GMA.NHbtCHD

cjCvOFCHd³AhcMO;N¢c ��TVcjOXCED;S2��SUCYK(NES \C=WFT@�³K.N¢cMTVCHD;b+C&%!cjOFA�GMA�cM^FGMDFA.WK�A.DHcMGjALb P NED;W$��T�cMOFCE^FcWYCETUDF]E\CEGMA � � P �JAP\N�� 'RA�N&';SVAhcMC¶TN\dFGMC�FEA¸cjOFA�SUA.NEGjDFTUDF]\GMA.bj^FS�c�b�L
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G A�O;N�FEA�bjA(A(D
cjO³N¢c±CH^FG4N`SU]ECHGjTVcjOCA�+NEb�N�'FSUAhcjCvNEbMbtTN\TVSZN¢cMA�cjOFA�NEdFdFGMC*&=TNvN¢cMTVCHD;bJC&%
cjOFA (¸G�NEK(SVA+^Fd¶cjC�N�K(A(GjcMNETVD¶SVAMFEA.SYC&%¦NEK(K(^FG�NEK;� L8C×CEGMA(C�FHA(G P cMOFA�SUA.N`GMDic&K�A(DicMGjA�GMA�cM^FGjD;A.W'>��cjOFA�NESV]HCEGMT�cMOC�TUb+]HA(DFA.GMNESVSN�vDFCEc %îNEG %¨GjC �cjO;AhcMN`GM]EA(cJCHDFA�LFg+O=^;b P TVc4TUb+GMA.NHbtCHD;N&'FSUA
cjCXcjO;TVDC	8cjO;N`c �wA�K(CE^FSZW �;D;W cjOFA�cMN`GM]EA(c�K�A(DicMGjAE'�� \TVD;TVDF]XcMOFAvDFA.TV]HO>'RCE^;GjOFC=CYW C&%
cjOFA4SUA.NEGjDic�CED;A P ^;bjTUDF]�SVCYK.N`SFALWYT�c \CYWYTN�³K(N`cjTUCED;bMLEg+OFALbtA�	=TUD;W\C&%¦N`d;dFGjCiNEK�OFALb!O;NEb 'RA(A.D
dFTVCHDFA(A.GjALW '����¸CEO;CEDFA.DëTUD ;=���8>�N`D;W
TZb4bt^;GIFHA��EALW�TUD ; D8R8>=L

C×CEGMA\dFGjALK�TZbtA.S2� P bj^FdFdRCHbjA\cjO;N`c�cjOFAëSVALN`GMDHc '³N`SUS&TUb Br(o)
NED;W SVA(c

Q
WYA.DFC`cMAvcjOFA

btA(chC�%+NESVS�cMOFAvK�CHGjGMA.K�cjTUCED;b±cjOFA *±dFdFGMC*&YT2vN¢cMA2(¸G�NEK(SVA¶O;NHbhGjA(cj^FGMDFA.W WY^FGMTUDF]cjOFA\GM^FD
C&%�cjO;A
@BALN`GMDFA(G�L Q CHD;btTZWYA.G�cjO;A
bjA�c B1(o)

C�%±N`SUS&cjO;A
btcjGMTVDF]ib�cMO;N¢c¶CEDFA
]EA�c�b '�� N`dYa
dFS2�=TUDF]×CED;AvA.WYTVc�CEdRA(G�N¢cMTVCHD CHD

o
L # C�\AvC&%JcjO;A� \N��,'³A\cMOFAëK(A(DicjGMA\C&% ';N`SUSUb�cjO;N`c

K�CEDic�N`TUDÜN`SUSBcjO;A�K�CHGjGMA.K�cjTUCED;b+C�%
Q
'F^Fc�N`GMA�bI\NESVSUA(G±cjO;NED

Br(o)
P TUDXcjA.GIvb4C�%&GMNHWYTU^;b OeFCESUSUC���TVDF]¶cMOFA�^;bj^;N`S (�K(K(N�+H b+G�N � CEG�N`GM]E^C\A.DHc�b P cMOFA��N`dFdRA.NEG�cjC 'RAP\CEGMA�GjA.SVAMF¢N`Dic

cjO;NED
Br(o)

L # C P NEb¶N.�;G�btc\K(GjTVcjA.GjTUCED P �wAXbjOFCE^FSZW�%¨CYK�^³b�CHD cjO;A.bjAK(A(DicjGMA.bML G AXWYA�a
�;DFA

r′ = min
o′∈B1(o)

(

max
w∈Q

d(o′, w)

) N`D;W
H ′

1

cMOFAvbt^C'³btA(c�C�%
B1(o)

cjO³N¢c�TVD³WY^;K�A
r′
NHb

¶TUDFTN0^C�GMNHWYTU^;b�L
0 &Yd³A.GjTN\A(DicMNESVSN� P �wA�O³N�FEA�C�'³btA.GIFHA.W
cjO;N`c H ′

1

K(CE^FSZW×K�CHDHc�N`TUDÜNvSUC`c±C�%�btcjGMTUDF]Hb P bjC
�wA+DFA.A.W¶N�bjA.K(CED;W�K�GMT�cMA(GMTVCHD�cMChK�O;CiCibtAJCED;AwC�%;cjO;A�+L # ^Fd;d³CibtAJcjO³N¢c�cjO;A *±dFdFGMC*&YT2vN¢cMA
(¸GMNHK�SUA�TZb4D;C`c4cMCiC '³NEW L: %

Br′(o′)
TZb+cMOFA�c�N`GM]EA�c�';NESVS P cMOFA(D \Cib>c±C�%�cjOFA0K(CEGMGjALKpcMTVCHD;bbtOFA ��TUSVSYd;GjC�F=TZWYA P ��TVSUS"'RAJCHD0cMOFA�K�TUGMK(SVA+WYA.SVTN\T�cMTVDF]�cMOFTUb '³N`SUS P '���g+OFA.CTL8�CL # C�K�OFC=CibtTUDF]
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