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Introduction

All the rings in this paper will be commutative with 1. Let R be a real closed field. Let
B = R[x1,...,z,]. If Aisaring and p a prime ideal of A, k(p) will denote the residue field of p.

The Pierce—Birkhoff conjecture asserts that any piecewise-polynomial function f : R — R
can be expressed as a maximum of minima of a finite family of polynomials in n variables. We
start by giving the precise statement of the conjecture as it was first stated by M. Henriksen
and J. Isbell in the early nineteen sixties.

Definition 0.1.1 A function f : R™ — R is said to be piecewise polynomial if R™ can be
covered by a finite collection of closed semi-algebraic sets P; such that for each i there exists a

polynomial f; € B satisfying f| p = fil P

Clearly, any piecewise polynomial function is continuous. Piecewise polynomial functions form
a ring, containing B, which is denoted by PW (B).

On the other hand, one can consider the (lattice-ordered) ring of all the functions obtained
from B by iterating the operations of sup and inf. Since applying the operations of sup and inf to
polynomials produces functions which are piecewise polynomial, this ring is contained in PW (B)



(the latter ring is closed under sup and inf). It is natural to ask whether the two rings coincide.
The precise statement of the conjecture is :

Conjecture 0.1.2 (Pierce-Birkhoff) If f : R™ — R is in PW (B), then there exists a finite
family of polynomials g;; € B such that f = supinf(g;;) (in other words, for all x € R",
i J

flz) = sup il;.f(gij(x)))-

This paper represents the second step of our program for proving the Pierce—Birkhoff conjecture
in its full generality. One of the starting points of this program is the abstract formulation of the
conjecture in terms of the real spectrum of B and separating ideals proposed by J. Madden in
1989, [26], which we now recall, together with the relevant definitions. For a general introduction
to real spectrum, we refer the reader to [7], Chapter 7, [3], Chapter II or [33], 4.1, page 81 and
thereafter ; see also “Bibliographical and historical comments” on p. 109 at the end of that
chapter.

Let A be a ring. A point « in the real spectrum of A is, by definition, the data of a prime
ideal p of A, and a total ordering < of the quotient ring A/p, or, equivalently, of the field of
fractions of A/p. Another way of defining the point « is as a homomorphism from A to a real
closed field, where two homomorphisms are identified if they have the same kernel p and induce
the same total ordering on A/p.

The ideal p is called the support of @ and denoted by p,, the quotient ring A/p, by Ala],
its field of fractions by A(«) and the real closure of A(«) by k(«). The total ordering of A(«) is
denoted by <,. Sometimes we write a = (Pq, <q)-

Definition 0.1.3 The real spectrum of A, denoted by Sper A, is the collection of all pairs
a = (Pa, <q), where p,, is a prime ideal of A and <, is a total ordering of A/py.

We use the following notation : for an element f € A, f(«) stands for the natural image
of f in Ala] and the inequality f(«) > 0 really means f(a) >, 0.
The real spectrum Sper A is endowed with two natural topologies. The first one, called the
spectral (or Harrison) topology, has basic open sets of the form

Ulfis - fr) ={a | fila) > 0,..., fr(a) > 0}

with fi1,..., fr € A.
The second is the constructible topology whose basic open sets are of the form

V(fl,...,fk,g) = {a ’ fl(a) > O,... ,fk(a) > O,Q(Q) = 0},

where f1,..., fn,g9 € A. Boolean combinations of sets of the form V(fi,..., f,,g) are called
constructible sets of Sper A.

For more information about the real spectrum, see [7] ; there is also a brief introduction
to the real spectrum and its relevance to the Pierce—Birkhoff conjecture in the Introduction to

[21].

Definition 0.1.4 Let
f: Sper A — H Aa)
acSper A

be a map such that, for each a € Sper A, f(a) € A(a). We say that f is piecewise polyno-
maal (denoted by f € PW(A)) if there exits a covering of Sper A by a finite family (S;)icr of



constructible sets, closed in the spectral topology, and a family (f;)icr, fi € A such that, for each
a € Sper A, f(a) = fi(a).

We call f; a local representative of f at a and denote it by fo (fo is, in general, not
uniquely determined by f and « ; this notation means that one such local representative has been
chosen once and for all).

Note that PW(A) is naturally a lattice ring : it is equipped with the operations of maxi-
mum and minimum. Each element of A defines a piecewise polynomial function. In this way we
get a natural injection A C PW (A).

Definition 0.1.5 A ring A is a Pierce-Birkhoff ring if, for each f € PW (A), there exist a finite
collection of fi; € A such that f = supinf f;;.
i J

In this paper, Madden reduced the Pierce-Birkhoff conjecture to a purely local statement
about separating ideals and the real spectrum. Namely, he gave the following definition :

Definition 0.1.6 Let A be a ring. For a, B € Sper A, the separating ideal of o and 3, denoted
by < o, B >, is the ideal of A generated by all the elements f € A which change sign between o
and B, that is, all the f such that f(a) >0 and f(B) < 0.

Definition 0.1.7 A ring A is locally Pierce-Birkhoff at o, 8 if the following condition holds.
Let f be a piecewise polynomial function, let f, € A be a local representative of f at o and fg € A
a local representative of f at 8. Then fo — fzg €<, B >.

Theorem 0.1.8 (Madden) A ring A is Pierce-Birkhoff if and only if it is locally Pierce-Birkhoff
for all a, B € Sper(A).

Let «, 8 be points in Sper A.

Conjecture 0.1.9 (local Pierce-Birkhoff conjecture at «, ) Let A be a regular ring and
[ a piecewise polynomial function. Let f, € A be a local representative of f at o and fg € A a
local representative of f at B. Then fo — fg €< a, B >.

There are known counterexamples in the case A is not regular (eg. A = R[z,y]/(y* — %))
and even with A normal.

Remark 0.1.10 Assume that 5 is a specialization of a. Then

(1) < o, B >=pg.

(2) fo — fs € pg. Indeed, we may assume that fo # fg, otherwise there is nothing to
prove. Since 8 € {a}, fo is also a local representative of f at . Hence fo(B) — f3(8) =0, so
foa— fp €ps.

Therefore, to prove that a ring A is Pierce-Birkhoff, it is sufficient to verify the Definition
[0.1.7 for all o, B such that neither of o, B is a specialization of the other.

In [21], we introduced

Conjecture 0.1.11 (the Connectedness conjecture) Let A be a regular ring. Let o, €
Sper A and let g1,...,9gs be a finite collection of elements of A\ < «, 8 >. Then there exists a
connected set C' C Sper A such that o, 5 € C and CN{g; =0} =0 forie {1,...,s} (in other
words, a and [ belong to the same connected component of the set Sper A\ {g1...gs = 0}).



Definition 0.1.12 A subset C' of Sper(A) is said to be definably connected if it is not a
union of two mon-empty disjoint constructible subsets, relatively closed for the spectral topology.

Conjecture 0.1.13 (Definable connectedness conjecture) Let A be a reqular ring. Let
a, B € Sper A and let g1, ..., gs be a finite collection of elements of A, not belonging to < a, 3 >.
Then there exists a definably connected set C C Sper A such that o, € C and CN{g; =0} =10
forie{l,...,s} (in other words, o and [3 belong to the same definably connected component of
the set Sper A\ {g1...9s =0} ).

In the previous paper [2I] we stated the Connectedness conjecture (in the special case
A = B) and proved that it implies the Pierce-Birkhoff conjecture. Exactly the same proof ap-
plies verbatim to show that the Definable Connectedness conjecture implies the Pierce-Birkhoff
conjecture for any ring A.

One advantage of the Connectedness conjecture is that it is a statement about A (respec-
tively, about the polynomial ring if A = B) which makes no mention of piecewise polynomial
functions.

Our problem is therefore one of constructing connected subsets of Sper A having certain
properties.

Terminology : If A is an integral domain, the phrase “valuation of A” will mean “a valuation
of the field of fractions of A, non-negative on A”. Also, we will sometimes commit the following
abuse of notation. Given a ring A, a prime ideal p C A, a valuation v of 4 and an element = € A,
we will write v(x) instead of v(z mod p), with the usual convention that v(0) = oo, which is
taken to be greater than any element of the value group.

Given any ordered domain D, let D denote the convex hull of D in its field of fractions

D :
D :={f € D | d > |f| for some d € D} .

The ring D is a valuation ring, since for any element f € Dy, either f € Dor f~' € D.
We define R, := m. In this way, to every point @ € Sper A we can canonically associate
a valuation v, of A(«), determined by the valuation ring R,. The maximal ideal of R, is
M, = {:17 € Aa) ‘ |z| < |—i|, Vz € Ala] \ {0} } ; its residue field k, comes equipped with a total
ordering, induced by <,.

A
For aring A, let U(A) denote the multiplicative group of units of A. Recall that T';, & M

and that the valuation v, can be identified with Eéllle natuéal homomorphism UiRa)
Q@
o\ (0 AL
By definition, we have a natural ring homomorphism
A= R, (1)

whose kernel is pg.

Conversely, the point « can be reconstructed from the ring R, by specifying a certain
number of sign conditions (finitely many conditions when A is noetherian) ([5], [I7], [7] 10.1.10,
p. 217).

The valuation v, has the following properties :



(1) va(Ala]) = 0
(2) If A is an R-algebra then for any positive elements y, z € A(a),

va(y) <va(z) = y> Nz, VN € R. (2)

A v,-ideal of A is the preimage in A of an ideal of R,,. See [32] or [3], §I1.3 for more information
on this subject.

As pointed out in [21]], the points of Sper A admit the following geometric interpretation
(see also [10], [15], [32], p. 89 and [34] for the construction and properties of generalized power
series rings and fields).

Definition 0.1.14 Let k be a field and I' an ordered abelian group. The generalized formal

power series field k ((tr)) is the field formed by elements of the form ) at7, ay € k such that
vel
the set {y | ay # 0} is well ordered.

The field & ((tr)) is equipped with the natural ¢-adic valuation v with values in I', defined by
v(f) =inf{y | ay # 0} for f =" a,t7 € k ((¢")). The valuation ring of this valuation is the ring
¥

k [[trﬂ formed by all the elments of k ((tF)) of the form ) a,t7. Specifying a total ordering
yel'y
on k and dimp, (I"/2T") sign conditions defines a total ordering on k ((¢"')). In this ordering |¢| is
smaller than any positive element of k. For example, if ¥ > 0 for all v € ' then f > 0 if and
only if a,(s) > 0. B
For an ordered field k, let k& denote the real closure of k. The following result is a variation
on a theorem of Kaplansky ([I5], [16]) for valued fields equipped with a total ordering.

Theorem 0.1.15 ([34], p. 62, Satz 21) Let K be a real valued field, with residue field k and
value group I'. There exists an injection K — k ((tF)) of real valued fields.

Let o € Sper A. In view of (Il) and the Remark above, specifying a point a € Sper A is
equivalent to specifying a total order of k., a morphism

Ala] = ko [[t7°]] (3)
and dimp, (T, /2T,) sign conditions.

We may pass to Zariski spectra to obtain morphisms
Spec (Ea Htro‘]]) — Spec Ala] — Spec A,

induced by the ring homomorphism (B)) and the natural surjective homomorphism A — Ala],
respectively.

In particular, if I'y, = Z, we obtain a formal curve in Spec A (an analytic curve if the
series are convergent). This motivates the following definition :

Definition 0.1.16 Let k be an ordered field. A k-curvette on Sper(A) is a morphism of the
form
a: A k[

where I' is an ordered group. A k-semi-curvette is a k-curvette « together with a choice of the
sign data sgn x1,..., sgn ., where x1,...,x, are elements of A whose t-adic values induce an
Fy-basis of T'/2T.



We have thus explained how to associate to a point o of Sper A a k,o-semi-curvette.
Conversely, given an ordered field k, a k-semi-curvette o determines a prime ideal p,, (the ideal
of all the elements of A which vanish identically on «) and a total ordering on A/p, induced by
the ordering of the ring k [[trﬂ of formal power series.

Below, we will often describe points in the real spectrum by specifying the corresponding
semi-curvettes.

Let v be a valuation centered in a regular local ring A (see §L.1I), let & = v(A\ {0}); ® is
a well-ordered set. For an ordinal A < ®, let \ be the element of ¢ corresponding to A.

Definition 0.1.17 A system of approximate roots of v is a well-ordered set of elements

Q= {Qi}ien C A,

satisfying the following condition : for every v-ideal I in A, we have

I = HQ]W | ZW(QJ») > u(l) y A (4)

furthermore, we require the set Q to be minimal in the sense of inclusion among those satisfying

).
A system of approximate roots of v up to vy is a well-ordered set of elements of A satisfying
{4) for all the v-ideals I such that v(I) < 7.

The main results of this paper are :

1. Given a regular local ring (A, m), a valuation v centered at A, as above, and an element
vx € ® such that the v-ideal determined by 7, is m-primary, we construct of a system of
approximate roots up to -,.

2. We construct a system of approximate roots for A and v under the assumption that A is
m-adically complete.

3. In the situation of the Connectedness (or Definable Connectedness) conjecure we describe
certain subsets C' C Sper A by explicit formulae in terms of approximate roots ; we conjec-
ture that these sets satisfy the Connectedness (respectively, Definable Connectedness)
conjecture.

4. In the special case dim A = 2, we use the above results and constructions to prove the Defi-
nable Connectedness conjecture (and hence a fortiori the Pierce-Birkhoff conjecture). We
also prove the Connectedness conjecture in dimension 2, provided the ring A is excellent.

The paper is organized as follows. Sections [.T] to are purely valuation-theoretic ; sections [[.3]
and are devoted to the construction of a system of approximate roots.

The approximate roots @; are constructed recursively in i. Roughly speaking, ;11 is the
lifting to A of the minimal polynomial equation satisfied by in, Q; over k [{in,,Qj } i< Z} in gr,A. In
sections [Tl to [L6l, we prove that such systems of approximate roots exist in two situations : first,
for any m-primary v-ideal J there exists a system of approximate roots up to v(J); secondly,
there exists a system of approximate roots whenever A is m-adically complete.

Once these valuation-theoretic tools are developed, we continue with the program an-
nounced in [2I] for proving the Pierce-Birkhoff conjecture. We place ourselves in the situa-
tion of Conjectures and In section [[.G] we give an explicit description of a set



C C SperA\ {g1 ...gs = 0}, containing o and /3, which we conjecture to be connected. The set
C is described in terms of a finite family of approximate roots, common to the valuations v,
and vg.

Finally, we prove the Definable connectedness conjecture and hence the Pierce-Birkhoff
conjecture for an arbitrary regular 2-dimensional local ring A ; we also prove Conjecture
assuming that A is excellent which provides a second proof of the Pierce-Birkhoff conjecture in
the case of excellent rings.

Our proof is based on Madden’s unpublished preprint [27]. As well, we would like to
acknowledge a recent paper by S. Wagner [44] which gives a proof of the Definable Connectedness
and the Pierce-Birkhoff conjecture in the case of smooth 2-dimensional algebras of finite type
over real closed fields. The overall structure of our proof is similar to that of [27] and [44], with
the following differences :

1. Here, we have tried to present a proof which should provide a pattern for a general proof
of the conjecture, that is, have a hope of generalizing to higher dimensions. In particular,
we went to great lengths to phrase everything in terms of approximate roots rather than
work directly with connected sets as in [27] and [44].

2. We make no assumptions on the real closedness of the residue field of A which introduces
certain extra complications.

3. Let (z,y) be a regular system of parameters of A. Because we work with arbitrary rings, we
have to overcome a serious difficulty : proving that the set of points o € Sper A, centered
at A and satisfying z(a) > 0 (respectively, z(a) > 0, y(a) > 0) is connected. This is well
known for algebras of finite type over a real closed field (see, for example, [7]) but as far as
we can tell, for general rings this result is new and non-trivial. Its proof occupies most of
section [3.4] and uses a new notion of a graph, associated to a sequence of point blowings-up
of a real surface.

Part 1. Valuations and approximate roots

1.1 Generalities on valuations

In this section we review some basic facts of valuation theory.

Let A be a noetherian ring and v : A — I' U {co} a valuation centered at a prime ideal of
A. Let ® =v(A\{0}) CT.

For each v € ®, consider the ideals

P, = {weA|v) =) 5
Py = {zeA|v(x)>7}.

P, is called the v-ideal of A of value 7.
Remark 1.1.1 It is easy to see that, as A is noetherian, v(A) is well-ordered.

Notation. If ] is an ideal of A and v a valuation of A, v(I) will denote min{v(x) | x € I}.

We now define certain natural graded algebras associated to a valuation. Let A, v and ®
as above. For v € ®, let P, and P, be as in (Bl). We define

P
A=P >
er, P,
yed

7



The algebra gr,,(A) is an integral domain. For any element f € A with v(f) = -, we may consider

P.
the natural image of f in P—V C gr,(A). This image is a homogeneous element of gr,(A) of
+

degree v, which we denote by in, f. The grading induces an obvious valuation on gr,(A) with
values in @ ; this valuation will be denoted by ord.

Next, let (A, m, k) be a local domain and v a valuation with value group I, centered at
A. Let K denote the field of fractions of A and (R,,m,,k,) the valuation ring of v. For v € T,
consider the following R, -submodules of K :

P, = {zeR|v)>n} “
P,. = {ze€R,|v(z)>n~}
We define p
G, =P
yEP P7+

Again, given f € K, we may speak of the natural image of f in G,, also denoted by in, f (since
gr, (A) is naturally a graded subalgebra of G,, there is no danger of confusion). Then ord is a
valuation of the common field of fractions of gr,(A) and G,, with values in I'.

We end this section with the notion of a monomial valuation. Let (A, m, k) be a regular

local ring, and u = (uy,...,u,) a regular system of parameters of A. Let ® be an ordered

semigroup and let fBi,...,03, be strictly positive elements of ®. Let ®, denote the ordered

semigroup, contained in @, consisting of all the Ny-linear combinations of 31, ..., 3,. For vy € ®,,
n

let I, denote the ideal of A, generated by all the monomials u® such that ) a;3; > v (we take
j=1

Iy = A). Let & be a non-zero element of A. Let ®, = {y € ®, | x € I, }. Then it is not difficult

to prove that the set ®, contains a maximal element and there exists a unique valuation v,

centered at m, such that

v(uj) =B, 1<j<n (7)

and
v(z) =max{y € .}, z € A\ {0}. (8)
This valuation is called the monomial valuation of A, associated to u and the n-tuple
(B1y...,Bn). A valuation v, with values in a group I', centered in m, is said to be monomial

with respect to u if there exist 81,..., 5, € ['y such that (§) holds for all z € A\ {0}.

For further results on valuations, see also [43] or [45].

1.2 Algebras graded by ordered semigroups

Graded algebras associated to valuations, introduced in the previous section, will play a
crucial role in this paper. In this section, we give some basic definitions and prove several easy
results about graded algebras. Throughout this paper, a “graded algebra” will mean “an algebra
without zero divisors, graded by an ordered semigroup”. As usual, for a graded algebra G, ord
will denote the natural valuation of G, given by the grading.

Definition 1.2.1 Let G be a graded algebra without zero divisors. The saturation of G, denoted
by G*, is the graded algebra

G* = {% ‘ g,h € G, h homogeneous, h # 0}.

G is said to be saturated if G = G*.



Of course, we have G* = (G*)* for any graded algebra G, so that G* is always saturated.

Example Let v be a valuation, centered in a local ring R. Let gr,R and G, be the graded
algebras, associated to v, defined in §I.11 We have G, = (gr, R)*; in particular, G, is saturated.

Remark 1.2.2 Let G,G’ be two graded algebras without zero divisors, with G C G'. Let x be a
homogeneous element of G', satisfying an algebraic dependence relation

ar® +az® 4 +a,=0 (9)

over G (here aj € G for 0 < j < «). Without loss of generality, we may assume that (9)
is homogeneous (that is, the quantity j - ord x + ord a; is constant for 0 < j < «; this is
achieved by replacing (9) by the sum of those terms ajxj for which the quantity j - ord x + ord a;
is minimal), and that the integer « is the smallest possible. Dividing ([9) by ag, we see that
T satisfies an integral homogeneous relation over G* of degree a and mo algebraic relation of
degree less than a. In other words, x is algebraic over G if and only if it is integral over G* ; the
conditions of being “algebraic over G*” and “integral over G*” are one and the same thing.

Let G C G', = be as above and let G[x] denote the graded subalgebra of G', generated by = over
G. By Remark (L2.2)), we may assume that x satisfies a homogeneous integral relation

*+az® o 4a,=0 (10)
over G* and no algebraic relations over G* of degree less than a.

Lemma 1.2.3 FEvery element of (Glx|)* can be written uniquely as a polynomial in x with
coefficients in G*, of degree strictly less than c.

Proof : Let y be a homogeneous element of G[z]. Since z is integral over G*, so is y. Let
Y by b, =0 (11)

with b; € G*, be a homogeneous integral dependence relation of y over G*, with b, # 0. By (L)),

1 1
; = —b—(y'y_l + bly7_2 + -+ b»y_l).
Y
Thus, for any z € G[z], we have
5 € G*[x]. (12)

Since y was an arbitrary homogeneous element of G[x], we have proved that
(Glz])* = G*[x].

Now, for every element y € G*[x| we can add a multiple of (I0) to y so as to express y as a
polynomial in x of degree less than «. Moreover, this expression is unique because x does not
satisfy any algebraic relation over G* of degree less than «. [J

Notation If A C A’ are ordered semigroups and f3 is an element of A/, A : 3 will denote the
positive integer defined by
A:f=min{fa e N|afe A}

(note that if 8 =0 then A : 5 =1). If there is no such integer, we put A : 5 = oo.



Lemma 1.2.4 Let G, G' and = be as in Remark [L22. Assume that the degree 0 part of G
contains a field k and that G is generated as a k-algebra by homogeneous elements wy, . .., w,. Let

Bj =ordwj, 1 < j <r,andlet A denote the group A = {ordy |y € G*} = { Yoaf | o€ Z}.
7=1

Assume that the following two conditions hold :
1. A (ord x) < 00
2. Let a:= A: ord x. Let aq, ..., € Z be such that

@ ord x = Zozjﬁj. (13)

Jj=1

T .
Lety =[] w;%. We require that the element
j=1

€ (G)* (14)

x
zi=—
Y

be algebraic over k.

Then x is integral over G*. An integral dependence relation of x over G* can be described as
follows. Let z be as in (IJ]). Let Z be an independent variable and let

d—1
NZ)=2"+) eZ' =0 (15)
=0

denote the minimal polynomial of z over k. Then x satisfies the integral dependence relation
d—1
x4 Z eyl = 0. (16)
i=0

Conversely, suppose x is integral over G*. Then (1) holds. Suppose, furthermore, that ,..., By
are Z-linearly independent. Then (2) also holds. In this case, {I8) is the minimal polynomial of
x over G*. In particular, the degree v of the minimal polynomial of x over G* is given by

a = da. (17)

Proof : If (1) and (2) hold, x is integral over G* because it satisfies the integral dependence
relation (IG) (this is verified immediately by substituting (I4)) for Z in ({5 and multiplying
through by y¢). In particular, if o denotes the degree of x over G*, (IB]) shows that

o < da. (18)

Conversely, suppose z is integral over G*. Then x satisfies a homogeneous integral relation of
the form (I0). Since (I0) is homogeneous, we have the equality

i ord x + ord a; = j ord x 4 ord a; for some %, j such that 0 <¢ < j < .
Hence

(j —4)ord x = ord a; — ord a;. (19)

10



Now, Z—; € G* so that

ord a; —ord a; = ord 2 € A (20)
a;
Putting together (I9) and (20, we obtain (1) of the Lemma.
Now, assume that [i,...,[3, are Z-linearly independent. We wish to prove (2). Since
Bi,..., B are Z-linearly independent, all the monomials w]" - - - w;", v; € Z, have different values

with respect to ord. Since (0] is homogeneous with respect to ord, each a; must be a monomial
in the w; with (not necessarily positive) integer exponents. Also by the Z-linear independence
of f1,..., B, the coefficients a1, ..., a, in (I3]) are uniquely determined. Moreover, any relation
of the form

T
iord x — E @;Bj =0, ieN, af,...,q

T

€Z. (21)
j=1

is a positive integer multiple of the relation

aord z — Za]ﬂj =0. (22)

j=1

This proves that z' may appear in (I0) only if & | 4; in particular, & | o. Let & := 2. Let
0 <4 < d'. To find the coefficient a;5 in (I0), note that

aordz=d aord x =i a ord x + ord a;a,

so that
(d —1i) @ ord z = ord a;s- (23)

Since a;5 is a monomial in wy, ..., w,, [23) gives rise to a Z-linear dependence relation of the
form (2I)), which therefore must be equal to (22) multiplied by d’ — i. This determines the
monomial a;s uniquely up to multiplication by an element of k£ : we must have a;5 = ciyd/_l,

where ¢; € k. Then z = % satisfies the algebraic dependence relation

a1
P Z ciz' = 0. (24)
=0

This proves (2) of the Lemma. Now, we have shown that, under the hypothesis of linear inde-
pendence of the f3;, if « has degree « over G* then & | o and z satisfies a polynomial of degree
d = 2. Letting d denote the degree of z over k, as above, we obtain

d==>d. (25)

Qe

Combining (25) with ([I8), we obtain (I7); in particular, (I6) is the minimal polynomial of x
over (. This completes the proof of Lemma [.2.41 (]

Corollary 1.2.5 Let G, wy,...,w, and Bi,...,5, be as in Lemma [1.2.4) If B1,..., 05, are Z-
linearly independent in A then w1, ..., w, are algebraically independent over k.

Proof : Induction on r. For r = 1 there is nothing to prove. For the induction step, assume that
the Corollary is true for r = i. If w;;11 were algebraic over k[wq, ..., w;], we would have

(Biy-- s Bi)  Big1 < 00 (26)

11



by Lemma [[L24] applied to the graded algebra kf[wq,...,w;| and the element w;11. Thus (28]
contradicts the linear independence of 5, ..., 5., and we are done. Alternatively, the Corollary
can be proved by observing that, by linear independence of 3i,...,3,, all the monomials in w
have different degrees, thus any polynomial in w over k contains a unique monomial of smallest
degree. Hence such a polynomial cannot vanish. [J

Definition 1.2.6 Let G be a graded algebra and xp := {z)}ren a collection of elements of G.
Let k be a field, contained in the degree 0 part of G. Let k[xp] denote the k-subalgebra of G,
generated by xx. We say that zp rationally generate G if G* = k[x,]*.

The following result is an immediate consequence of definitions :

Proposition 1.2.7 Let G, be the graded algebra associated to a valuation v : K — T', as above.
S

Consider a sum of the formy = > y;, with y; € K. Let § = lrgig v(y;) and
i=1 1SS

S={ic{l,...,n} [ v(y:) =B}

The following two conditions are equivalent :

(1) v(y) =B
(2) Ezginuyi 7é 0.

1.3 Approximate roots up to v(J) for an m-primary ideal J

A
Let A be a regular local ring of dimension n, m its maximal ideal, k = —, u = (u1,...,uy)

3

a regular system of parameters and
v:A\{0} - T

a valuation, centered in m (this means v(m) > 0).

Let 1 =v(m) =min{y € ® | v > 0} and ®; = {y € & | Ja € N;y < a- 1}. For the sake
of simplicity, we will write a instead of a - 1. We shall study the structure of v-ideals P, where
v e .

If v were monomial with respect to u then in,u,...,in,u, would generate gr, A as a
k-algebra. We are interested in analyzing valuations which are not necessarily monomial. We fix
an m-primary valuation ideal J. The purpose of sections and [[4] is to construct a system of
approximate roots up to v(J), that is, a finite sequence of elements Q = {Q; }ica of A such that
for every v-ideal I in A containing J we have

I= HQ;-“ Z’YjV(QJ)EV(I) A (27)
J J

(in particular, the images in, @; of the Q); in G, generate G, as a k-algebra up to degree v(.J)). In
this construction, each @;11 will be described by an explicit formula (given later in this section)
in terms of Q1, ..., Q;.

The earliest precursor of approximate roots appears in a series of papers by Saunders
MacLane and O.F.G. Schilling [23], [24] and [25]. In dimension 2, they were defined globally in
klx,y] by S. Abhyankar and T. T. Moh ([I], [2]) and locally by M. Lejeune-Jalabert [20]. See
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also the papers [18] and [19] by T. C. Kuo, [12] by R. Goldin and B. Teissier and [36] by M.
Spivakovsky, [I1] by F.J. Herrera Govantes, M.A. Olalla Acosta, M. Spivakovsky, [39]-[42] by
Michel Vaquié. We also refer the reader to the paper [38] by B. Teissier for a different approach
to the theory of approximate roots in higher dimensions.
A A A klug, ... uy
Let k = — = be the residue field of A. Fix an isomorphism — = M,
m m,NA
where Jp is an ideal of k[u, ..., uy]. In this way, we will view k as a subring of A/.J.

J Jo
We fix, once and for all, a section k — A of the natural map A — k which composed with

A A
the natural map A — — maps k isomorphically onto its image in = The image of k in A will
be denoted by k.

According to Definition [I.LI.I7] we are looking for a finite set of elements Q = {Q;}ica,
Q; € A satistying (27).
Remark 1.3.1 This means, in particular, that the initial forms in,(Q1), in,(Q2),... generate

gr,(A), up to degree v(J). In other words, we want to build Q such that, for f € A, we have
iny, (f) € k[in, Q] provided v(f) < v(J).

Since J is an m-primary ideal, there are only finitely many elements of ® less than v(.J).
We proceed by induction on the finite set {y € ® | v < v(J)}.

Definition 1.3.2 Let E = {Q € A} be a set of elements of A. A generalized monomial Q% in
FE is a formal expression

Q =[] ™

Qe

where ag € N and ag = 0 for all Q) outside of a finite subset of E.

We order the set of generalized monomials by the lexicographical order of the pairs
¥(Q%), ).

The semigroup @ is well ordered. For a natural number A, v, will denote the A-th element
of ®.

We start by choosing a coordinate system adapted to the situation.

Definition 1.3.3 Take j € {2,...,n}. We say that u; is (v,J)-prepared if either u; € J or
there does not exist f € A such that

inuj = inf  and (28)
k[ul, ‘e ,Uj_l]

mod J € .
! k[ul,...,uj_l] N Jy

(29)

The coordinate system u = {u1,...,un} is (v,J)-prepared if u; is (v,J)-prepared for all j €

{2,...,n}.
Proposition 1.3.4 There exists a (v, J)-prepared coordinate system.
Proof : We construct a (v,J)-prepared coordinate system recursively in j. Assume that

u1,...,uj— are already (v, J)-prepared, but u; is not. Take f € A saitsfying [28)) and (29).
Let @; = u; — f; then v(a;) > v(u;).

13



Since there are only finitely many elements of ® less than v/(J), after finitely many repe-
titions of the above procedure, we may assume that wu; is (v, J)-prepared. This completes the
proof by induction on j. [J

We construct, recursively in A, two finite ordered sets A(7y)) and O(v,). At each step we define
additional finite ordered sets V(vx) C W(yx) € A(ya). A typical element of each of those sets
will have the form (Q, Ex(Q)) where Q € A and Ex(Q) is a sum of monomials in A(y)), written
in the increasing order according to the order we defined on monomials. Given an element
(Q,Ex(Q)) € A(yx) UBO(7a), Q is called an approzimate root and Ex(Q) is called the expression
of Q.

For a natural number ¢, v, < v(J), and for (Q,Ex(Q)) € A(y,) UBO(y), let In @ denote
the smallest monomial of Ex(Q). Let In(¢{) = { a € N¥ () | 3Q € A(7¢) such that Q¥ =In Q}.

Theorem 1.3.5 For a natural number X\, v\ < v(J), there exist finite ordered sets

V() € ¥() CA(n)

and O(vyy) consisting of elements (Q, Ex(Q)), with Q € A and Ex(Q) is a sum of monomials
in V(vz), increasing with respect to the given order on monomials, and having the following
properties :

v(Q) < yn whenever (Q, Ex(Q)) € A(7y) (30)
v(Q) > vya whenever (Q, Ex(Q)) € O(7x). (31)
Moreover, for any (Q, Ex(Q)) € A(vy), any monomial Q% appearing in Ex(Q) is a mo-

nomial in W(y\_o) provided Q{uy,...,u,}. For any (Q, Ex(Q)) € O(vy), any monomial Q%
appearing in Ex(Q) is a monomial in W(yr_1) provided Q/{u, ... ,uy}. An element

(Q, Ex(Q)) € ¥(7a) UO()

is completely determined by In Q.

Proof : We proceed by induction on A.
First define U(1) = A(1) = 0 and O(1) = {(u1,u1), ..., (un,u,)} where we assume

{
v(up) <wv(ug) <--- <v(up).

Let A > 0 be a natural number such that v, < v(J). Assume that for each ¢ < \ we
have constructed sets V(v,) C ¥(y,) C A(yy) and ©(~,) having the properties required in the
theorem.

Let

A(ya) = Alya—1) U{(Q, Ex(Q)) € O(ya—1) | ¥(Q) <} (32)

Definition 1.3.6 An element (Q, Ex(Q)) € A(vx) is an inessential predecessor of an ap-
prozimate root (Q', Ex(Q")) € A(yy) if Ex(Q') = Ex(Q)+ Y caQ®, where ¢, € k and the Q% are

monomials in A(7yy).

An element (Q, Ex(Q)) € A(vy) is said to be essential at the level v, if Q is not an
inessential predecessor of an element of A(7y).
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Remark 1.3.7 Note that, because the coordinate system is prepared, uq,...,u, are always es-
sential.

Let W(yy) be the subset of A(v,) consisting of all the essential roots at the level ~,. Let
V(7vx) be the subset of ¥(~,) consisting of all (Q,Ex(Q)) such that in,(Q) does not belong to
the k-vector space of G = gr,(A) generated by the set {in,Q} where Q" runs over the set of
all the generalized monomials on roots preceding () in the above ordering.

We extend the total ordering from A(yy_1) to A(y)) by postulating that A(yy_1) is the initial
segment of A(7y).

For a natural number ¢, let E(¢) = In(¢) + NY(00) ¢ NV(),

Now consider the ordered set {Q%!,..., Q% } of monomials

Q" =@, (Q.Ex(Q)) € V(1) U{(Q.Ex(Q)) € O(mr-1) | #(Q) =}, adE(N)
of value ~,.

Let ilzmax{ie{l,...,s}

S
in,(Q*)e > kin,(Q%) } and consider the unique re-
J=i+1

S S
lation in, (Q%1) — 3 @15 in,(Q%) =0.Let P, = Q%1 — > ¢1;Q% where ¢;; € k is the

j=ir+1 j=itl
image of ¢1; under the chosen section £ — A.

Letigzmax{ie{l,...,il—l}

in,(Q*) e > kin,(Q%) } and, as before, consider
j=i+1

the unique Py = Q%2 — Z c2jQ% such that the vector (o);j—i +1,....s, C2; # 0, is minimal in
j=ig+1
J#u

the lexicographical order. We continue in this way and define Ps, ..., P;.

Let

O(m) ={(Q.Ex(Q)) € O(na-1) | ¥(Q) =2 M} U{(P1,Ex(F)), ..., (P, Ex(P))} (33)

where

Ex(Pj) = Ex(Q) — ) _ ¢ Q* (34)
k

if Q™ = Q with (Q,Ex(Q)) € V(1) U{(Q,Ex(Q)) € ©(1a-1) | ¥(Q) =} and
Ex(P;) = Q" — chkQak (35)
k

otherwise.

Remark 1.3.8 Suppose given two approzimate roots Q1 and Qo such that

In(Q1) = In(Q2) = Q"

and suppose that Q1 appears before Qo in the process of construction of the approximate roots
decribed above. Because of the uniqueness of the construction of the P;’s above, we have

v(Q2) > v(Q1).
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Now, if v(Q¥) = e, then a € E({), so the only way the monomial Q“ can appear as an initial
form of Qq is when P, = Q"+ Y ¢;Q% where In(Q') = Q% and then v(Q') < v(Q2). Then,
either v(Q') = v(Q1) and so Q' = Q1 because of the uniqueness in the construction process,
or v(Q") > v(Q1), but we conclude by descending induction that Q2 = Q1 + Y, ¢;Q% and

Ex(Q2) = Br(Q1) + X ¢;Q%.

So finally, the expression of an approximate root has the form

Ex(Q) =Q" + > a,Q™ (36)
k
the sum being written in the increasing order of the monomials.

Remark 1.3.9 This construction is very similar to finding a basis of the space of relations by
row reduction.

Remark 1.3.10 We just showed that there is a one to one correspondence @ <> In(Q) bet-
ween the approximate roots Q@ € ¥(vy,) and the set of monomials which are the first term of
the expression Ex(Q) of such an approximate root Q. Let us denote by M({) the set of those
monomaals.

The last part of the theorem holds by construction. [J

1.4 Standard form up to v(J)

Consider the integer A such that v, = v(J). Assume that the system of coordinates u of
A is (v, J)-prepared.

Definition 1.4.1 A monomial in VU (vyy) U ©O(vy) is called standard with respect to X\ if all
the approximate roots appearing in it belong to V() and it is not divisible by any In(Q) where
Q is an approzimate root in (V(yx) UO(ya)) \ {(u1,u1), ..., (Un,un)}.

Definition 1.4.2 Let f € A and let £ be a positive integer, £ < \. An expression of the form

f= Z caQ,

where the Q% are monomials in W(vy) U O(7yy), written in the increasing order, is a standard
form of level vy with respect to X if for all v < ~; and for all a such that v(Q%) =+ and
ca #0, Q% is a standard monomial with respect to .

We now construct, by induction on ¢, a standard form of f of level ~,. We will write this
standard form as

f:f€+ZCaQa

where, for all o, Q® is a generalized monomial in U(vy,) UO(y)), ¥(Q¥) > v, and f; is a sum of
standard monomials in V(7,) of value strictly less than ~,.

To start the induction, let fo = 0. The standard form of f of level 0 with respect to A will
be its expansion f = fo+>_ c,u® as a formal power series in the u;, with the monomials written
in the increasing order according to the monomial order defined above,.
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Let ¢ be a natural number, £ < A. Let us define f,y1 and the standard form of f of level
vet1 as follows. Assume we already have an expression f = f; + > ¢, Q% with v(Q®%) > -, for
all a, and the value of any monomial of f; is strictly less than ~,.

Take the homogeneous part of > ¢, Q% of value v, with the monomials arranged in the
increasing order, and consider the first monomial Q% which is not standard. Since Q¢ is not
standard, one of the two following conditions holds :

1. There exists an approximate root @ € (V(yx) UO(ya)) \ {(u1,uq1),. .., (un,u,)} such that
In(Q) divides Q. Write Q = In(Q) + " ¢sQ” and replace In(Q) by Q — > c5Q” in Q*.
2. There exists @ € ¥(yx) \ V(7») which divides Q®. Since Q&V(7,), there exists

Q € ¥(y)UB(1)

of the form Q' = Q + > dsQ° where Q° are monomials in V(7y) of value greater than or
equal to 7. Replace Q by Q" — "5 dsQ°.
In both cases, those changes introduce new monomials, but either they are of value strictly
greater than vy or they are of value exactly 7, but greater than Q% in the monomial ordering.
We repeat this procedure as many times as we can. After a finite number of steps, no more
changes are available at level 44, 1. Then, let fo 1 = fr + ngQB with v(Q%) = ~,, so that
= frr1+ 22 caQ® where v(Q%) > .

The expression thus constructed satisfies the definition of standard form of level ~,,1 be-
cause all the non-standard monomials Q% of value less than or equal to vy have been eliminated.

Proposition 1.4.3 Let

F=rfe+) cQ®
be a standard form of f of level 7y and v < ¢ an element of ®. Then > CBQBQ/P7+.
v(QP)=v
Proof : We give a proof by contradiction. Suppose there exists a relation of the form
> Qe Py (37)
v(QP)=v

Let Q% be the smallest monomial on the left hand side of (37]). By construction of approximate
roots, there exists a finite collection @1,...,Qs € A(y+) U O(y+) and generalized monomials
S
Q“1,...,Q% such that - Q;Q“ = Y ¢3Q°.
=1 v(Q%)=y

There exists i € {1,...,s} such that one of the two conditions holds : either Q* = Q% - In(Q;)
or Qi = Qi+ >.0Q¢ Q. € A(v+) \ ¥(y+). In either case, the monomial Q% is not standard,
which gives the desired contradiction. [

For each ¢, the part f, of a standard form of f of level vy is uniquely determined. This is
a straightforward consequence of the Proposition.

As a consequence of Proposition [[L4.3] note that if v, > v(f) then v(f) equals the smallest
value of a monomial appearing in the standard form of f of level ;.

P.
Theorem 1.4.4 (1) Takey € ®, v < . Then P—’Y is generated as a k-vector space by {in, Q%}
Y+

where QP runs over the set of all the standard monomials with respect to \, satisfying v(QP) = ~.
(2) The part of the graded k-algebra gr,(A) of degree strictly less than ~yy is generated by
the initial forms of the approximate roots of V().
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Proof : Take an element v € ®, v < 7. Let h € P, /P, be a homogeneous element of degree
of gr,(A) and let f € P, be such that in, (f) = h. Let 3 ¢3Q” denote the homogeneous part of
least value of a standard form of f of level v,. Then the initial form of f is Ziny(CBQB ). O

The Alvis—Johnston—-Madden example. Let o be the point of Sper(R[z,y, z]) given by the
curvette x(t) =5, y(t) = t'0 + ut!! 2(t) = t'* + 1% where u is some fixed element of R with
u > 2. Let J be a v,-ideal of value greater than or equal to 37.

The calculation of the first few approximate roots gives

Q1 = =, (38)
Q = v, (39)
Qs = =z, (40)
Qi = Yy —zz=(2u— Dt + %%, v(Qy) =21 (41)
Qs = yz—at=(u+1)t* +ut®®, v(Qs) =25 (42)
Qs = 22—2%y=2—-wt*® +t v(Qe) =29 (43)
QY = yQu - alw)rQs, a(w) = (2u—1)/(u+1), v (QFV) =32 (44)
Q= yQi—a(waQs - Buwa®z, v (M) =33 (45)
QY = yQu - a(wzQs — Blu)a®z — y(u)r?Qu (46)
;34) = yQ4— a(u)zQs — ﬁ(u)a:gz — ’y(u)a:2Q4 — (5(u)x4y (47)
QY = yQi— a(w)aQs — Bw)az — 1(w)2?Qs — d(u)z'y — e(u)zQs (48)
§ = 2Qu+ C(waQq (49)
$ = yQs +n(w)zQs, (50)

where B(u), v(u), 6(u), €(u), ¢(u), n(u) are functions of u which can be calculated explicitly.
The elements listed above belong to A(37) ; we chose to index them as QZ(J ) Tn this notation,
the approximate root QEJ ) is an inessential predecessor of QEJ D Whenever QZ(-] 1 55 defined.

We also note the relation Qg — yQs5 + 2Q4 = 0, which is the simplest example of a syzygy, an
important phenomenon, responsible for much of the difficulty of the Pierce-Birkhoff conjecture.

In the same vein, we can describe the standard form of different levels of an element of A,
say for instance,
f=a+y*+ 28 (51)
(which is a standard form of level 0). For v < 30, the standard form of f of level v is given by
(BI). Then, as y? € E(21), we replace y® by y(Q4 + z2) to obtain

f=a"+yQs+ayz+2°. (52)
Since yz € E(25), we replace zyz in (52) by Qs + °, to obtain the standard form of level 31 :
f=2"+2"+yQi+2Q5 + 2° (53)

(the monomials being written in the order of increasing values 18, 30, 31, 31, 42). Next, we
replace y@Q4 by a(u)zQs in ([B3)), so the standard form of levels 32, 33, 34 and 35 is given by

f=2 42"+ 1+ a)zQs + Bu)zdz + vy(u)x? Q4 + d(u)zty + Qg‘%) + 23,
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and so on ...

Let £ be an integer such that 7, < 7). Let X = Xy(,,) be a set of independent variables,
indexed by V(v¢), and consider the graded k-algebra k [XV(W ] , where we define deg X; = v(Q);).
Let P denote the homogeneous monomial ideal of k [XV(W)T generated by all the monomials in
Xy(y,) of degree greater than or equal to 7,. We have a natural map

. k[XV(w)] gr A
s Sl
Xj — in,,Qj.

Now, for ¢ =0, let Iy = (0). For £ > 0, let I, denote the ideal of k[LPW)] generated by all
the homogeneous polynomials of the form

X 4 N XM 4 N X2 . 4 )\boXo‘bo (54)

where Q% 4+ A1 QY + X2Q%? 4 - - - + X\, Q%0 is the homogeneous part of least degree of Ex(Q)
for an approximate root @ € V() U ©O(v,).

Corollary 1.4.5 We have ker ¢y = I.

Proof : The inclusion I, C ker ¢, is immediate. To prove the opposite inclusion, we argue by
contradiction. Take a homogeneous element

h=ay XM +ay, X+ +ay, X € ker(dp) \ I (55)

of degree b, b < 7y, such that A\ is lexicographically smallest among all the elements h €
ker(¢y) \ Iy of degree b.
The inclusion (B5) implies that

a>\lin,,Q>‘1 + a>\21n,,Q>‘2 + 4 ay,in, QM =0. (56)

in Pb / Pb_|_.

By definition of I;, there exists an element g € I; of the form X€ + Zp cpX? and a
monomial X% with ep > € for all p and Ay = e+ 6. Then, as g € Iy C ker(¢y), we have
h—ay, X°g € ker(¢y) and the greatest monomial of h —ay, X?g is strictly bigger than X*. This
contradicts the choice of h. [J

Corollary 1.4.6 Take an element v € ®, v < vy. The valuation ideal P, is generated by all the
generalized monomials of value greater than or equal to v in {Q | (Q, Ex(Q)) € ¥(vyx)}. The
ideal P, 1is generated by all the generalized monomials of value greater than or equal to 7y in

{Q 1 (Q, Ex(Q)) € ¥(ya) UB()}-

Proof : Let f € Py (resp. f € P,,). By the very definition of the standard form of level ¢ such
that vy = =, f can be written as an A-linear combination of generalized monomials of value
greater than or equal to v in {Q | (Q, Ez(Q)) € ¥(yr)} (resp. € ¥ (yr) UO(72)). Thus P, (resp.
P, ) is generated by the generalized monomials of value at least ~, as desired. [J
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1.5 Approximate roots in a complete local ring

We now generalize the notion of approximate root to a complete regular local ring A of

dimension n, with maximal ideal m, and residue field k = —. Let u = (uq,...,u,) be a regular
m

system of parameters and
v:A\{0} =T

a valuation, centered in m. Denote by v, the m-adic valuation.

We keep the same notation as in §2.

The purpose of this section is to construct, for a general v, a system of approximate roots
of v, that is, a well-ordered collection of elements Q = {Q;};ca of A such that for every v-ideal
I in A, we have

1= 1@ | D onm@) zvD) ¢ A (57)

J

(in particular, the images in,Q; of the Q; in G generate G as a k-algebra). Each Q;+1 will be
described by an explicit formula (given later in this section) in terms of the Q;, j < i.

In this general setting, we have to proceed by transfinite induction on the well-ordered
semigroup ®. Since we are not assuming that rk I' = 1 or that ® is archimedian, we have to
work with ordinals other than the natural numbers.

Remark on the use of transfinite induction. Since the ring A is noetherian, the group I' of values
of v has finite rank. Therefore all the ordinals ¢ we will encounter in this paper will be of type
¢ < w" (cf. [43] and []]). Thus we will be using a very special form of transfinite induction,
which amounts to usual induction, applied finitely many times. We will, however, stick to the
language of tranfinite induction since we feel that it simplifies the exposition.

Recall the definition of generalized monomial (Definition [L3.2]). We well-order the set of
generalized monomials by the lexicographical order on the set of triples (v (Q%),vm (Q%), ).

The semigroup @ is well ordered. By abuse of notation, we will sometimes write ® for
the ordinal given by the order type of ®. Let A < ® be an ordinal and ~, the element of ®
corresponding to .

We start by choosing a coordinate system adapted to the situation. Fix an isomorphism

A2 K[[u, ..., un]] (58)

Definition 1.5.1 Take j € {2,...,n}. We say that u; is v-prepared if there does not exist
f € A such that inyu; = in, f and f € kf[u1,...,u;—1]]. The coordinate system u = {uy,...,uy}
is v-prepared if u; is v-prepared for all j € {2,...,n}.

Proposition 1.5.2 There exists a v-prepared coordinate system.

Proof : We construct a v-prepared coordinate system recursively in j. Assume that wuy,...,u;_1
are v-prepared, but u; is not.

We will construct the prepared coordinate u; recursively by transfinite induction on ®.
More precisely, we will construct a well ordered set {u;;} of successive approximation to ; in
the m-adic topology. We will show that this set satisfies the hypothesis of Zorn’s lemma and let
@; be its maximal element.
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The details go as follows. Let ujo = u;. Suppose that wj; is constructed and that it is
not prepared. Let f;; be the element f of k[[ui,...,u;_1]] appearing in the definition of “not
prepared”. Put ;11 = uj — fj. Then v(uj) = v(fji) < v(ujit1). Next, suppose given a
sequence wj;, wj;+1,... of elements of kf[uy,...,u;]] such that (ui,...,uj_1,uj,) is a regular
system of parameters of k[[ui,...,u;]] for each ¢ and v(uj) < v(ujir1) < v(ujiza) < -
Let By = v(ujq). Let B =min{8 € ® | 3> B,,Vq € N}. By Chevalley’s lemma, applied to the
qu N k‘[[ul, R ,’LLj_l]] k‘[[ul, R ,’LLj_l]]
PBﬂk‘[[ul,...,Uj_l]] Pgﬂk[[ul,...,uj_l]]’
we see that qh_glo(qu mod Pg) =0 in the (u1,...,u;-1)-adic topology.

nested sequence of ideals in the complete local ring

Hence, modifying each fj, by an element of Pj if necessary, we may assume that

Jim f =0
We define u; ;. to be the formal power series u;; — fj; — fji+1 — -+ -. By construction,

V(ujJ-i-w) > B

To complete our construction , we need to consider countable well ordered sets {uj;} of order
type greater than w. This presents no problem : by countability, we can always choose a cofinal
subsequence in each such set. Then the above construction applies verbatim. [

We construct, inductively in A, two well-ordered sets A(7y) and ©(y)). At each step we define
two additional well-ordered sets V(7x) C W(yx) C A(7ya). A typical element of each those sets will
have the form (Q,Ex(Q)) where Q € A and Ex(Q) is an increasing sum of monomials in V()
(according to the order we defined on monomials). Given an element (Q, Ex(Q)) € A(vs)UO(va),
Q is called an approzimate root and Ex(Q) is called the expression of Q.

For an ordinal ¢ < ® and for (Q,Ex(Q)) € A(y) U©O(y), let In @ denote the smallest
monomial of Ex(Q). Let In(¢) = {a € NV(%) | 3Q € A(7¢) such that Q¥ = InQ}.

Theorem 1.5.3 For A < ®, there exist well ordered sets V(vy) C W(vx) C A(yn) and ©O(7y)
having the following properties. Let

U(<y\) = Y(ya—1) if Ais not a limit ordinal and (59)
U(<y) = Y(y) otherwise (60)
and similarly for V(< yx). Then each set V(yx), ¥(7a), A(ya), O(ya) consists of elements of the

form (Q, Ex(Q)), with Q € A and FEz(Q) is an increasing, with respect to the monomial order,
sum of monomials in V(< 7y), of value < v(Q), such that

v(Q) < whenever (Q, Ex(Q)) € A(7) (61)
v(Q) = vn whenever (Q, Ex(Q)) € O(1») (62)
and the sets
{(Q Ex(Q)) € ©O(m) UAM) [ v(Q) =7}, 7€ @ (63)
and
{(@Q, Ex(Q)) € ¥(m)UOB() | Q¢m"}, neN (64)

are finite. An element (Q, Ex(Q)) € W(ya) U O(ya) is completely determined by InQ ; moreover
Vn(In@) = vm(Q)-

21



In what follows, A(< 7y) will stand for (J,_, A(7ye).

Remark 1.5.4 The set n£S£/<>\\I’(’Yy) describes the approximate roots which could be called
stably essential between vy, and .

Proof : We proceed by transfinite induction.
First define (1) = A(1) = 0 and ©(1) = {(u1,u1), - - -, (un, up)} where we assume v(uy) <
v(ug) < -+ <wvluy).

Let A < ® be an ordinal. Assume that for each £ < X\ we have constructed sets ¥(vyy) C
A(~¢) and ©(v) having the properties required in the theorem.
Let

A(yy) = A(< ) if Ais a limit ordinal (65)
A = Ala-1) U{(Q Ex(Q)) € ©(a-1) [ ¥(Q) <} otherwise. (66)

Definition 1.5.5 An element (Q, Ex(Q)) € A(yy) is an inessential predecessor of a root
(Q, Ex(Q")) € A7) if Bx(Q') = Ex(Q) + Y, caQ®, where each cq is a unit in A and Q% a
monomial in V(7y).

An element (Q, Ex(Q)) € A(vy) is said to be essential at the level vy if Q is not an
inessential predecessor of an element of A(7y).

Remark 1.5.6 Note that, because the system of coordinates is prepared, uq,...,u, are always
essential.

Let W(+,) be the subset of A(v)) consisting of all the essential roots at the level ~,. Let
V(7x) be the subset of U(y,) consisting of all (Q, Ex(Q)) such that in,(Q) does not belong to
the k-vector space of gr,(A) generated by the set {in, Q”} where Q7 runs over the set of all the
generalized monomials on roots preceding @ in the above ordering.

We extend the total ordering from A(< 7)) to A(yx) by postulating that A(< ~,) is the initial
segment of A(7y).

If £ is not a limit ordinal, let E(¢) = In(¢)+NA00) ¢ NAO) Now, if ¢/ < €7, A(y}) € AN"),
this induces an inclusion NAOw) ¢ NA0#). So, if £ is a limit ordinal, define E(¢) = J,_, E(¢').

Notation Denote by O(< 7)) the set U O(7) \ A(< 7).
L<\

Lemma 1.5.7 The set Q(n) = {(Q, Ezx(Q)) € V(vyy\) UO(< 7y) | Qgm™} is finite for every
n € N.

Proof : By the induction hypothesis, for any @ € Q(n), we have v (Q) = v (InQ).

Now let @ € Q(n). Then its expression is of the form Ex(Q) = Q®° + --- where, by the
very construction, Q®° is either a u, or a product, of at least 2 terms, Q® = [[ Q5.
In the first case, the number of such Q®° is finite, because the number of uy is finite.
In the second case, v/n(Qs) < Vn(QY) < vn(Q) < n. So vy(Qs) < n — 1 and, by induction on
n, the number of such Q; is finite. If m = min{ry(Qs); Qs|Q}, |aglm < vR(Q*) < n — 1,
so there is a finite number of such ag possible which means that the number of such Q@ is
finite. By the induction hypothesis, @ is completely determined by In@Q whenever (Q,Ex(Q)) €
U(vy) UO(< ). Therefore Q(n) is finite. O
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Corollary 1.5.8 The set of monomials {Q® | Q¥gm™} in W(vy\) UO(< ) is finite for every
n € N.

Corollary 1.5.9 (1) Any infnite sequence of generalized monomials in W (vy) UO(< vy), all of
whose members are distinct, converges to 0 in the m-adic topology.

(2) Any infinite series, all of whose terms are distinct generalized monomials in W(~y) U
O(< 7va) converges in the m-adic topology.

Lemma 1.5.10 The set
Q" =@ (@. Ex(Q)) € () U{(Q, Ex(Q)) € (< ) | v(Q) = 1}
is finite.
Proof : By the Artin-Rees lemma, there exists ng such that, for n > ny,
m" NP, =m" " m" NP, .

Take n > ng, then
m" NP, CmP,, CPy.. (67)
Together with the above corollary, this proves the lemma. [J

Consider now the ordered set {Q*,..., Q% } of monomials

Q* =[], (Q,Ex(Q)) € (1) U{(Q,Ex(Q)) € O(< M) | ¥(Q) =}, adE(N)

of value 7,. The fact that this set is finite follows from the above Corollaries and the fact that
® is well-ordered.

Let iy = max{i € {1,...,s} | in,(Q%) € >>%_, ., k in,(Q*)} and consider the unique
relation in, (Q®i1) — Z;=i1+l c1j in, (Q®) = 0. Let P, = Q%1 — Z;:iﬁl c1;Q% where we view
k as a subring of A via the identification (GS]).

Let i = max{i € {1,...,41 — 1} [ in, (Q*) € 377_;,, k in,(Q™)} and, as before, consider

S
the unique Py = Q%2 — Z c2;Q% such that the vector (aj)j=i;+1,....s, €25 # 0, is minimal in

the lexicographical order and define so on uniquely Ps, ..., P;.

Now, if A has a predecessor, we let

O(m) ={(Q,Ex(Q)) € O(< 1) [ v(Q) >} U{(P1, Ex(P)), ..., (P, Ex(F))} (68)

where

Ex(P) = Q" — > ¢ Q% (69)
k
if Q“% is not a preceding root @ and

Ex(Pj) = Ex(Q) — Y _ ¢ Q* (70)
k

in the other case.

Remark 1.5.11 Note that the remark (1.3.8) remains valid in this context.
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Suppose now A is a limit ordinal. Let Qo € A(7,) for some ¢y < A and Q% = In(Qo).
Let L(Qo) denote the union of well ordered sets of the form {(Q,Ex(Q)) | (Q,Ex(Q)) €
A(ve) and In(Q) = Q%}yy<e<r such that, for some ¢ > ¢, ¢/ < X, there exists Q' € A(y,
and

Ex(Q) = Ex(Q) + 3 ¢;Q% (71)
JjeEW
where and v(Q%) > v(Q). The set L(Qo) is an infinite well ordered set.

Let n be a positive integer. By induction assumption, all the approximate roots ) appea-
ring in any of the monomials Q% belong to V(7)) and, by lemma [[.L5.7] the number of such
roots outside m” is finite. Thus, all but finitely many Q® belong to m™. This proves that L(Qy)
has a limit in A with respect to the m-adic topology : (hin Q, lii)n Ex(Q)).

Let
O(m) = {(@Ex(Q)) € O(< M) [ ¥(Q) = N}IUL (72)
where L consists of all couples of the form (hl)rn Q, h]} Ex(Q)).

So finally, the expression of an approximate root has the form

Ex(Q) =Q" + > a,Q* (73)
k

the sum, written in the increasing order of the monomials, being finite or infinite.

We now prove the finiteness of sets (63]) and (64]). First, note that the set

{(Q.Ex(Q)) € O(<M)UAMM) [ v(Q) =7}, 7€ @ (74)
is finite by the induction hypothesis and the set
{(QEx(Q)) € ¥(m) UOB(< ) | Q¢m"}, neN (75)

is finite by the induction hypothesis and lemma (5I0). If A is not a limit ordinal, the finiteness
of ([63) and (64]) follows from the fact that the set O(y,) \ ©(< v,)) is finite by construction. If
A is a limit ordinal, to prove finiteness of (G3]) and (64]), it remains to prove that the set

{(Q.Ex(Q)) € L | v(Q) =~} (76)

is finite. This is proved in exactly the same way as lemma ([L5.10). This completes the proof of
the finiteness of (G3]) and (G4]).

The property that the monomials appearing in Ex(Q) are arranged in increasing order with
respect to the v-adic value holds for all the newly constructed approximate roots. Next we show
that vy (InQ) = vy (Q) for all those new approximate roots. Indeed, if A is not a limit ordinal
and Ex(Q) is given by formula (63]), all the monomials appearing in Ex(Q) have the same v-adic
value and their vy-adic values are increasing because of the order we imposed on monomials
which proves that v, (InQ) = v (Q). If Ex(Q') is given by formula (70), where Q = Q*° + - - -,
we have Q' = Q + > ¢ Q%, where v(Q%) = v(Q). Then vy(Q) < vy(Q®) for all «, because
of the order on monomials. So that finally, v,(Q%) < vp(Q) < Y (Q%), which proves that
Unm(InQ) = v (Q). The property that vy(InQ) = v (Q) is clearly preserved by passing to the
limit, so it also holds in the case when A is a limit ordinal.

Remark 1.5.12 We just showed that there is a one to one correspondence between the approxi-
mate roots QQ € V() and the set of monomials which are the first term of the expression Ex(Q)
of such an approximate root Q. Let us denote by M({) the set of those monomials.

The rest of theorem ([L5.3]) holds by construction.
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1.6 Standard form in the case of complete regular local rings

Let ¥(ve) = Upcq Ni<p<a Y(7e) and let V(74 ) be the set of approximate roots, essential
at the level vg.
In this section, we fix an ordinal A < ®.

Definition 1.6.1 A monomial in V(yy) U O(vy) is called standard with respect to X if all the
approzimate roots appearing in it belong to V() and it is not divisible by any InQ) where Q) is

an approzimate oot in (V(yx) UO(ya)) \ {(u1,u1), ..., (Up,un)}.
Take an ordinal ¢ < \.

Definition 1.6.2 Let f € A. An expansion of f of the form f = > c, Q% where the Q% are
monomials in W(y\)UO(vy), written in increasing order, is a standard form of level vy if Vv < 7y
and for all a such that v(Q%) =+, Q% is a standard monomial.

We now construct by induction on ¢ a standard form of f of level v,. We will write this
standard form as

f:fZ+ZCaQa

where, for all a, Q% is a standard monomial in ¥(vy) U O(7y), ¥(Q%) > v, and fy is a sum of
generalized monomials in V(,) of value strictly less than ~,.

To start the induction, let fo = 0. The standard form of f of level 0 will be its expansion,
f = fo+ > cqu®, written in increasing order according to the monomial order defined above,
as a formal power serie in the u;.

Let ¢ < X be an ordinal. Let us define f;+1 and the standard form of f of level vy as
follows. Assume, inductively, that a standard form of level 7y is already defined : f = fi+> ¢, Q“
with v(Q®) > ~y, for all a;, and the value of any monomial of f, < .

Take the homogeneous part of > ¢, Q% of value 7y, the monomials being written in increa-
sing order. Assume that not all the Q% are standard with respect to A, and take the smallest
such Q. Since Q% is not standard, one of the two following conditions holds :

1. There exists an approximate root @ € (U(yx) UO(ya)) \ {(u1,u1), ..., (un,u,)} such that
In(Q) divides Q%. Write Q = In(Q) + > csQ” and replace In(Q) by Q — 3" csQ” in Q“.
2. An approximate root @ € U(vy) \ V(7,) divides Q%. Since Q¢V(7,), there exists

Q € ¥(y))UB(1)

of the form Q" = Q + 35 dzQP, where the Q” are monomials in V(7)) of value greater
than or equal to ;. Replace Q by Q" — > 4 dsQP.

In both cases, those changes introduce new monomials, with increasing v, value, but either
they are of value strictly greater than -, or they are of value exactly v, but greater than Q¢
in the monomial ordering. We repeat this procedure as many times as we can. After a finite
number of steps, no more changes are available at level v¢,1. Then, let fo11 = f;+ > d,QF with

v(QP) =y, so that f = fri1 + > caQ where v(Q®) > 4.

Suppose now that g is a limit ordinal. For each ¢ < p, write f = f; + §; where fy is a sum
of standard monomials, with respect to A, of value < , and d, is a sum of monomials in
U(yy) U O(7n), of value greater than or equal to .. We assume inductively that, for each
¢ < p and for each generalized monomial Q7 in W¥(yy) U ©(v,), there exist ¢, b, € k and
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an ordinal ¢y < ¢ such that, for all ¢/, ¢y < ¢ < ¢, the monomial Q7 appears in fy with
coefficient ¢; and in dp with coefficient b.. Moreover, assume that f, = liin fo=>.¢,Q" and

o<y
5 = lim by = 3, 0:Q".
<t

Lemma 1.6.3 Consider a generalized monomial Q7 in W(vy) U O(yyr). There exist c;,by € k
and an ordinal £y < p such that, for all £, by < £ < u, the monomial Q7 appears in fp with
coefficient ¢, and in 6y with coefficient b...

Corollary 1.6.4 The limits ligl fe and ligl dp exist in the m-adic topology.
l<p I<p

This is an immediate consequence of the Lemma and Corollary [[.5.9]

For each QT as above, let c;,b, be as in Lemma [[.6.3l Let f, = ligl fr=>,¢Q" and 6, =
I<p

lim &, = >, b:Q7. We define the standard form of f of level v, as f = f, + 0.

L<p

Proof of Lemma [I.6.3]: The existence of ¢, in the lemma follows immediately from the construc-
tion and the induction hypothesis.

If v(Q") < vy, put by = 0. For £ < p, let by(¢) denote the coefficient of Q" in dy. Take an
ordinal £ < p. Suppose

br(€) £ b (0 +1). (77)
This means that in the above construction of fy1q + dgyq from fy + dp, Q7 appears in one of the

“ Q-
d QB (case 1 of the construction) or ——@’, d QB (case 2
In Q [ nQ Z B ) Q Q Z s

of the construction). Then

expressmns

vm(Q%) < vm(Q7). (78)

Suppose that there were infinitely many ¢ for which (7)) holds. This would mean that there
are infinetely many monomials Q® (all distinct because v(Q®) = ), satisfying (Z8]). This
contradicts Lemma [[.5.7]; hence there are finitely many such ¢. Together with the induction
hypothesis, this proves that b, (¢) stabilizes for ¢ sufficiently large. This completes the proof of
the lemma. [J

This completes the construction of standard form of level ~, for £ < ~,.

Proposition 1.6.5 Let
f Zifg+-jE:Ca(Qa

be a standard form of f of level 7y and v < ¢ an element of ®. Then > CBQBQ/PAH_.
v(QP)=v

The proof is entirely the same as the proof of the analogous Proposition [[.4.3l

For each ¢, the part f, of a standard form of f of level v is uniquely determined. This is
a straightforward consequence of the proposition.

By Proposition [LGH] if v, > v(f) then v(f) equals the smallest value of a monomial
appearing the standard form of f of level ,.
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P
Theorem 1.6.6 (1) Takey € ®, v < vx. Then P—V is generated as a k-vector space by {in, Q%}
v+

where QP runs over the set of all standard monomials with respect to A, satisfying v(QP) = 7.
(2) The part of the graded k-algebra gr,(A) of degree strictly less than ~yy is generated by
the initial forms of the approximate roots of V(vy).

The same proof as that of Theorem [[.Z.4] works here.

Now, for each ordinal ¢, let X = Xy(,,) be a set of independent variables, indexed by
V(7¢) and consider the graded k-algebra k [Xy(,,)], where we define deg X; = v(Q;). Let P
denote the homogeneous monomial ideal of k [XV(W)] generated by all the monomials in Xy,
of degree greater than or equal to yy41. We have the natural map

k[XV('YZ)] - gruA
P P«,lJrl
Xj —> iH,,Qj

¢

k
Now, for £ =0, let Iy = (0). For £ > 0, let I, denote the ideal of M generated by Iy
and all the homogeneous polynomials of the form

X0 4 N XY 4 A X2 o Ny X0 (79)
where Q® + X\ Q% 4+ X2Q*2 4 - - - 4 X, Q%0 is the homogeneous part of least degree of Ez(Q),

Q € V(1) UO(7r)-
Once again the proves of Corollary [[.4.5] and Corollary [L4.6] give the analogous corollaries.

Corollary 1.6.7 We have Ker ¢, = Iy.

Corollary 1.6.8 Take an element v € ®, v < vy. The valuation ideal P, is generated by all the
generalized monomials of value > v in {Q | (Q, Ex(Q)) € ¥(yx)}. The ideal P, is generated by
all the generalized monomials of value > vy in {Q | (Q, Ex(Q)) € U(y\) UO(7a)}.

Part 2. Separating ideal and convex sets

2.1 A description of the separating ideal.

Let A be a noetherian ring and « and [ points in Sper A. The purpose of this section
is twofolds. First we prove a general result on the behaviour of < «,8 > under localization.
Secondly, we restrict attention to the case when A is regular and is either complete or < «;, 5 >
is primary to a maximal ideal of A. In this case, we describe generators of the separating ideal
< a, B > as generalized monomials in those approximate roots ); which are common to v, and

vg.
Proposition 2.1.1 Let A be a ring. Consider points «, 5 € SperA whose respective supports
are o, pg and let € be a common specialization of o and 3 with support p.

Then we have < o, f > Ap =< aAy, Ay >.
Next, let € € Sper A be the least common specialization of a and . Let p = p.. Then

<a,f>C<a,B>A,NA (80)

with equality if < a, B > s p-primary.
If € is the unique common specialization of o and B (in particular, wheneverp = /< o, >
and p is mazximal), then we have equality in (80).
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Proof : Let f be a generator of < a, 8 > such that f changes sign between « and /3. Say, f(«) >0
and f(B) < 0. As the orders on A/p, and A,/p, A, are the same (the quotient field is the same)
— and similarly for pg — f changes sign between a4, and 3A,. Thus f €< ad,, BA, >.

Conversely, a generator of < aAy, fA, > is of the form g/s, s¢p, such that g(aAp) >0

and g(514,,) < 0, for instance. But, as p is a specialisation of a and 8 and s€p, s has the same
S
sign on a and (B (and is non-zero at both points), so g keeps different signs on « and § which
means that g €< a, f >, and, consequently, g e<a, B> A,
S

The last statement of the Proposition follows immediately from the fact that p is the
common center of the valuations v, and vg.

Let (A, m, k) be a regular local ring and « and /3 two points of Sper(A4) having a common
specialization € whose center is the maximal ideal m of A. Then v, and vg are both centered at
m.

Let us denote by P, , s = 1,...,m, (resp. Py, s = 1,...,m) the well ordered set of
vo-ideals (resp. vg-ideals) containing the separating ideal < «, > and denote by 74s (resp.
Vps) the v, value of P, (resp. the vg value of P, ). Of course we have P, = P, for all
s=1,...,m.

Let us consider the approximate roots of the valuation v, and the corresponding sequences

of vectors m; = (m;1,mso, ..., M4, ), mij € Py, /Py, .., which are the initial forms of the
monomials Q¥4 of value 744, i = 1,...,m (see section [[.3] and [[H). We do the same with v
and write ni, ny, ..., n,, the corresponding sequences of initial forms. Let @ ;(«) denote the j-th

approximate root for v, (in the case when A is complete j is an ordinal rather than a natural
number) ; we will denote the monomials in these approximate roots by Q(«)”; similarly for
Q;(8) and Q(B)".

Now, let s, denote the number of monomials in the Q;(a)’s of value exactly vq4, ; similarly
for sgp,.

For a given ¢, consider the following three conditions (1)¢, (2)¢, (3)e :

(1)¢ Sai = 883, 1 <0 </

(2)r Qo)™ = Q(F)Y for 1 <i < /land 1< j < s, (the set of all generalized monomials
of value 7,; and the corresponding of value vg;)

_ _ Sai _
(3)¢ For any i < £ and Ai,...,\s,, €k, the sign on « of the linear combination > Ajm;;
j=1
Sai _
is the same as the sign on 3 of )  Ajn;; (here we adopt the convention that the sign can be
j=1
strictly positive, strictly negative or zero) where m;j, n;; are the initial forms of the monomials
Q(a)*7,Q(B)* in the graded rings gr, (A4), gr,,(A). Note that if conditions (1),~(3)¢ hold

then the set of k-linear relations among the m;;, i < /£, is the same as the set of k-linear relations
among the n;;.

Let ¢ be the smallest ordinal such that at least one of the conditions (1);—(3); does not
hold.

Proposition 2.1.2 We have vo(< o, 8 >) = Yo and vg(< o, f>) = ;.

Proof : Let M, be the set of all the generalized monomials in Q, of value ~,; with respect to
Vo. Let Mg be the same kind of set with respect to vg. By definitions, we have M, # 0 and
Mg # (). We have the following 2 possibilities :
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First, suppose M, # Mg. Say, M, ¢ Mpg. Take generalized monomials Q7 € M, \ Mg,
and Q% € Mg. Then v,(Q") < 1,(Q°), but v5(Q") > 15(Q°).

Then there exists a linear combination, with coefficient in (A\ m), of Q7 and Q?, of value
Yoi With respect to v,, which changes sign between v and 5. This shows that v, (< «, 8 >) < Yaq
in this case.

The second case is M, = Mp and there exist Als...,As.. such that the sign on a of

) “NSai
Sai Sai

>~ Ajm;; differs from the sign on 5 of ) Xjn,-j (by assumption, we are in the case sq; = 53;).

j=1 B Jj=1

By a small perturbation of the A; (for instance, by adding or subtracting a “small” element of
Sai Sai _

> Ajnij # 0 in gr,; A. But this

=1

k to A1), we can ensure both that > A\jm;; # 0 in gr,, A and
) ;

]:
gives an f = f:z AjQ%i € A which changes signs between o and 3. We have v,(f) = 74, (and
j=1
va(f) =78,)s 80 Va(< , B >) < 74 also in this case.
Now take an f € A with v4(f) < Yai- Then f € P,

as?

Yas < Vi (81)

80 iny, (f) € Py,, /Py, - By theorem [LG.6] in,, (f) is a k-linear combination of ms1, ..., ms,,.
By ([BI) and the definition of 4, this linear combination has the same sign for @ and for 8 (in
other words, P, /P. asy = Prg, / PA,BH with same order induced by o and by . This means that
in,,_ (f) has the same sign on « and 3, so v4(< a, 8 >) > 74i. This completes the proof.

Corollary 2.1.3 Let o, € Sper(A), both centered in the mazimal ideal. Let i be as above.
Denote by v = Vai the vo-value of < a,8 >. Let Q1,...,Qq;) be the common approrimate
roots of the valuations v, and vg. Then < «, 8 > is generated by the generalized monomials in
Q1,- -+, Qq) of Va-value >~y (and the same with vg instead of v,).

Proof : As < a, 8 > is a v,-ideal (and a vg-ideal), this is a consequence of Corollary [LG.8

Definition 2.1.4 The approzimate roots Qu,...,Qqx) (which are common to v, and vg) will
be called relevant for the pair (o, 3).

Definition 2.1.5 For a graded algebra G, we define
G* = {g ‘ figeG,g#0 and homogeneous} ] ~.

h f f/ h/ /! !
where — ~ — whenever fg' = f'g.
g g
The Alvis—Johnston—Madden example. Let us consider o and /3 in Sper(R|z,y, z|) given
by curvettes

z(t) = % (82)
y(t) = 104wttt (83)
2(t) = t" 4P (84)

where u takes 2 distinct values u, > 2 and ug > 2. Applying the above procedure, we show that
vo(< a,B>) =31
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Indeed, we have Q1 = x, Q2 = y,Q3 = z for a and . The first level approximate roots are

Qs = v’ —zz=(2u—1)t* + %%, (85)
Qs = yz—at=(u+ Dt + ut®®, (86)
Qs = 22—23y=2—uwt* +13, (87)
Qr = yd—a® =3ut® + ... (88)

for both @ and f. Let T' denote the natural image of ¢ in (gr,, R[x,y, 2z])*, so that
(grvo Rlz,y, 2])" = (R[T])".
Then in,, (yQ4) = (2uq—1)T3! and in,, (2Q5) = (ue+1)T3!, and similarly for 8. Since uq # ug,

the matrix
< (2ug — 1) (uq +1) >
(2ug —1) (ug—1)
is non-singular, so there exists an R-linear combination of in,, (yQ4) and in,, (zQ5) which is
strictly positive on « and strictly negative on 3. According to Proposition Z.1.2],

Vo(< a, f>) < 3l1.

One can check that 31 is the lowest value for which either there is a linear combination of
generalized monomials with this property or the set of monomials of that value for a does not
equal the corresponding set for 3, so that in fact v, (< o, >) = 31.

A would-be second level approximate root

2u—1

Qs = yQu4 + ——

Qs (89)

is irrelevant because the common value of the generalized monomials appearing on the right
hand side of (B9) is 31.

2.2 Some sets which are conjecturally connected

Let (A,m, k) be a regular local ring. Take «,3 € SperA, both centered at m, and elements
fi,..., fr € A\ < a, 8 >. The connected conjecture ([0.I.IT]) asserts that there exists a connec-
ted set C, containing «, 3, such that C is disjoint from the zero set of fi--- f;.

Assume that either A is complete or /< «, > = m.

In this section, we describe a set C', which contains «, 8, disjoint from the set fi--- f,. =
0, and which we conjecture to be connected. Under the above assumptions, this reduces the
connectedness conjecture for o and f to proving the connectedness of C'.

Let Qpn = {Qx, A € A} be the approximate roots common to « and (. Let Q", Q2. ..
be the list of monomials in Q,, arranged in the increasing order of the v, values. There exists
an ordinal s such that < «, 8 > is generated by the set {Q%; j <s, Q¥ €<, >}. Let t be
the unique ordinal such that Q"¢ < «, 8 > for a < t and Q", Q7+ ... Q" €< a, f >.

Next, we study the standard form of f; of level v,(< «,5 >). In the case when A is
complete, this standard form may contain infinitely many generalized monomials Q7. Since A
is noetherian, we can choose a finite subset Q%i, 1 < j < n;, of these monomials such that all
of the others lie in the ideal (Q%i,1 < j < n;)A. Let f;, fori € {1,...,r},

fi=Y Q%+ c;iQY (90)
p j=1
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be the standard expansion of f; of level v4(< a, 8 >) where vo(Q%) = vo(f;) < va(Q") for
all j € {1,...,m;} and j' € {1,...,n;}.

Remark 2.2.1 1. If k = k,, (in particular, if k is real closed), then m; = 1.
2. By Proposition [1.6.3, Z;”:ll bjiiny, Q% # 0.

Conjecture 2.2.2 1. Let

VJ(QGji) <us(Q9)  forallje{l,...,m}, i €{l,... ,n;}
C=<6¢€ SperA Sgné(Qq) = Sg’l’La(Qq) f()’r' all Qq appeam'ng n eri . (91)
sgns(37 0iQ%) = sgna (374, Q%)

C' is connected.
2. Let C' defined by the inequalities

> 0iQ% | > i QY| Vi€ {1, v}, Vi€ {1, ,n} (92)
j=1

and the two sign conditions appearing in [@1). C' is connected.

Remark 2.2.3 1. We have o, 3 € C.

2.CN{f1--- fr =0} = 0. Indeed, note that inequalities (T1) imply that, for every § € C,
fi has the same sign as ZT:’I ineﬁ ;in particular, none of the f; vanish on C'.

3. Fither of of those conjectures implies the Connectedness Conjecture.

Part 3. A proof of the conjecture for arbitrary regular 2-dimensional
rings

3.1 Approximate roots in dimension 2 and Zariski’s theory

In the special case of regular 2-dimensional local rings, the theory of approximate roots is
well known : see, for instance [45], Appendix 5 or [36]. We briefly recall the construction here
since it is much simpler than in the general case.

We start with two purely combinatorial lemmas about semigroups. Take an integer g > 3.

Lemma 3.1.1 Let 31,52 ..., [, be positive elements in some ordered group. Let o, j € {2,..., g}
be positive integers. Assume

Bi > ai—1fi—1, 1 € {3,...g}. (93)

Let v1,...,74 be integers such that 0 < v; < a; for 2 < j < g and Z?Zl YiBi = vgBg. Then
v1 > 0.

Proof : We prove by descending induction that 23:1 viB; > a;f; for i > 2. The case i = g is
given by hypothesis. Assume then that Z;J;ll viB; > iy1Bi+1. Subtracting v;418i+1 and using
the fact that v,41 < @41, we obtain 23:1 viBj = (g1 — Yig1)Bi+1 > «;f;. This completes the
induction. So for ¢ = 2, we obtain 131 + 1282 > aof2; subtractiong v232 and using the fact
that 72 < ag, we get 1151 > (ag — ¥2)B2 > 0, hence 71 > 0. O
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Notation. Let 31,32...,3, be positive elements in some ordered group. We will denote by
(B1,...,Pi—1) the group generated by f1,. .., 5i—1 and by sg(f1, ..., Si—1) the semigroup genera-
ted by B4, ..., 8;_1, that is, the semigroup formed by all the N-linear combinations of 31,..., 5;_1.
For i € {2,...,g}, o will denote the smallest positive integer such that o/3; € (81,...,Bi—1). If
there is no such integer, we put o, = co. Write

i—1
a;ﬁz = Z ajiﬁj where Qj; € 7. (94)
j=1

Lemma 3.1.2 Let 1,02 .., By be positive rational numbers. Assume that fori € {3,...,g} we
have

fae(Br,....0im1) | a>a;_1Bia} ={a€sg(Br,....Bi-1) | a > i 1 Bi1}; (95)
in other words, o; > 0 for all j € {1,...,i— 1} in (94). Then

{ae (Br,....Bq) | a> a;Bg} ={a€sg(fr,...,By) | a> a'gﬁg}. (96)

Proof. We use induction on g. Multiplying all the ; by the same rational number does not
change the problem, so we may assume that (i1,/32,...,8, are positive integers, such that

ng(/BhBZu .. 7,89) — 1
Suppose that g > 3 and assume the Lemma for g — 1. Write

g—1
Oé;ﬁg = Z()éjgﬁj. (97)
j=1

To prove (@), let 8 = 181 +722+ - -+, be an element of {a € (B1,...5y) | a > ayB,}.
Using the relation ([@7) we can write, for each n € Z,

g—1 g—1
B=> (1 — nog)Bj + (vg +nc))By = > 7B + (14 + nar)By.
j=1 j=1

After replacing 7, by 7,4 +na, for a suitable n, we may assume that 0 < v, < aj. Since § > oy 3y,

this implies that
-1

VB = By > g1 Bg-1. (98)
1

ks

.
Il

By the induction assumption, we may take v; > 0 in (@8). This completes the proof of the
Lemma. [J

Corollary 3.1.3 Let 31,..., 3y be positive rational numbers satisfying
Bi > ai_1fic1, i €{3,...g}. (99)
Then equalities {(93) and (28) hold.

Proof : For i = 3, (@) is immediate. Now the corolllary follows from Lemma by induction
on 7. [

Let v be a valuation centered at A and let (z,y) be a v-prepared system of coordinates,
such that v(z) = v(m). In what follows, we will omit the description of V(7), A(y), ©(7), since
in the simplified situation of n = 2, the sets W(~) suffice to carry out the entire construction.
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Put Q1 =z, Ex(Q1) =z, Q2 =y, Fx(Q2) =y and 5; = v(Q;), i € {1,2}. Let \If(ﬁll) = 0.
in, ( 3‘2)
in,, (Q1"*)

If 81, B2 are rationally independent, then o/, = co and the construction stops, there are no
more approximate roots. In this case, all the v-ideals are generated by monomial in (z,y).

Assume then of, < oco. This means that there is a relation o2 = a2/ for a positive
integer ;2. We prove that (O5]) is satisfied for i = 3. Let § = 7181 + 7252 be an element of

{a € (B1,B2) | a > ahfBa}.

As abBs = a1201, we have, for each n € Z, 8 = (y1 — naia)B1 + (72 + nab)Ba. After replacing
72 by 72 4+ nad, for a suitable n, we may assume that 0 < 9 < . Since 8 > a4 /32, this implies
that v > 0.

For vy € @, f1 <y < B2, ¥(y) ={z} and ¥(Bo+) = {z,y}. Let ky =k, ks = k

((3312)) in k, is not zero. If ((go%u))

is algebraic over k, this means that it satisfies an algebralc equation of the form

Then we have v (le2> = v (Q7"), hence the image of

X4 Xt 4. 4a,=0, @ €k (100)

Let a; be a representative of @; in A. Let ap = da’2 and
a2 (d—0) 04125
+ agQ . (101)

The expression Ex (Qél)) is just the right hand side of this formula.

Let Bél) =v (le)), then Bél) > v 3‘2) = agfls > by and the elements (51,52,6§1)>
satisfy the conclusion of Lemma
By construction, as s is the smallest element of ® such that the monomials

{QT' QY V(QT' Q) = 711 + 1262 = a2}

are k-linearly dependent. The unique k-linear dependence relation is given by le). Hence,
according to the general construction of §2, we have O(3) = {Q:(,})} for asfle > B > 5§1) and

WA +) = {Qr, Q2. Q).
Assume that ¢ > 3 and that elements Q1,...,Q;_1, QZ(-j ) are already defined. Let

By = v(Qq), (102)

8 = (@), (103)

Assume that the initial form in, @), is algebraic over k[in,Q1,...,in,Qq—1] for ¢ € {2,...,i—1}.
Let o, denote the degree of its minimal polynomial. Note that, in particular, all of 32, ..., 8;—1

are rational multiples of 8;. Assume that 8, > ay— 1ﬁq 1,q€{3,...,i—1} and ﬁi(]) > ai_16i_1.

Assume that, in the notation of §I.3] we have W (5 > {Ql, Qi ng)}.
i—1

A monomial H Q;' is standard if
(=1

0<e <apforle{2,. .. i1} (104)
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This allows us to extend the notion of standard to monomials with €; < 0 : such a monomial
is called standard if (I04)) is satisfied. Similarly, we may talk about standard monomials in
inl,Ql, e ,in,,Qi_l.

Assume, in addition, that we have defined elements zo,...,2;_1 € k,, algebraic over k,
where zy is a k-linear combination of standard monomials in in,Q1,...,in,Q, of degree 0. Let
ko = k(za,...,2¢). We obtain a tower of finite field extensions k = k; C ko -+ C kj—1 C k.

If in,,Qaz(-j ) is transcendental over klin,Q1,...,in,Q;—1], put Q; = Qf-j ) and the construc-
tion stops. ' _ _
Assume in,,Qa(]) is algebraic over k‘[ianl, ..., in,Q;—1]. Then BZ-(J) € Zf]_:ll Qp,. Let ag’]) be the

smallest positive integer such that a( 5 € (Biy...,Bi-1)-
L)
) a;(j) i—1 o iIlV (QEJ))
Then v (Qij ) =v <H Q" >, hence the image of —() in k, is not zero. By
=1 ln'/ Hr 1 r’

Lemma [3.1.2] we may take a,; > 0 for 1 <r <i—1.
,(9)

in, (QE”)O%
( )

an Hr 1 r’
XlqmXi 4o 4a,=0, a € ki1 (105)
For £ € {1,...,d}, write

¢ i—1
<H lnl/QT’ g)) = Z EZ’Y H inl/Q;“yr

7:(717“'771'71) r=1

The assumption on inVQZ(-j ) implies that satisfies an algebraic equation of the

form

as a k-linear combination of standard monomials. By Corollary B.1.3] we have «; > 0 whenever
bey # 0.

Let by be a representative of Eg,y in A. Let agj ) = da;(j ) and

(g) d i—1 () (d—t
o=@+ X o [ler e (106)
r=1

=1 \v=(y1,-7i-1)
Then 0
. a.] . . . .
v(Q) > v <(Q§])> ' > =a?8Y > VB9 > ;1811 > ap_ Bic. (107)

If 1nl,Q GZk‘[ln,,Ql, . in,,QZ 1] (which is equivalent to saying that oz(‘) 1), put Q; = ng),
Ex(Qi) = E2(QY), B = 87, i = o, 0y = i, QY = @, 81 = v (Q12)).
Formulae (I06) and (I07]) become

i—1
P ay(d—¢
Qi = Q" + Z S b e | @Y (108)
= V:(Fylv“vﬂyifl) T:1
and
ﬁi(bl =v (Qﬁ)l) > v(Q5") = aifi > b, (109)
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The expression Ex (QE_&) is just the right hand side of (I0S)).

For 8 < 7 < B, we have w(7) = w (87+) and w (8,+) = {@1,..., @i, Q) }. Moreo-
ver, the elements <Bl, . ,ﬁi(}r)l) satisfy the conclusion of Lemma

If inVQZ(-j) € klin,Q1,...,in,Q;—1] (which is equivalent to saying that al(-j) =1), put ngH) =Q
and BZ-(jJrl) =v (QZ(-Hl)).

Formulae (I06]) and (I07]) become

i—1
QE]H) = Qz(y) + Z b1 H Qr (110)
7:(717”'7»”71) r=1
and ' | |
I = v (QUY) > 59 > iy i, (111)

)

For 87 < 7 < 897, we have W(y) = w (#+) and ¥ (877 +) = {@,....Qi1, 0},
Moreover, the elements (ﬁl, oo B, ﬁi(j +1)) satisfy the conclusion of Lemma B.1.2]

The expression Ex (Q(j +1)) is just the right hand side of (II0J).

Remark 3.1.4 FEither the process stops after a finite number of steps or we obtain an infinite
sequence

Q:Q17Q27"'7Qi7"' (112)
or a sequence )
Q:Q17Q27“‘7Qi—17Q§])7 ]GN (113)

In the case when Q is given by (I13), it is a system of approximate roots, whether or not A is
complete. In the case {I13) assume, in addition, that the ring A is m-adically complete. In that
case,

Qo = lim Q;
1—>00
is a well defined element of A and QU {Qx} is a system of approximate roots.

3.2 Real geometric surfaces and their blowings up

Let A be a ring and U an open subset of Sper(A). Let Sy denote the multiplicative set
Sy ={9€A|gla)#0 for all « € U}. Let Ay = Ag,,. We have a natural ring homomorphism

pu Ay — H Aa).

acU
Define the ring O to be the ring of all maps
f:U— H A(a)
aclU

satisfying the following conditions :
(1) Va € U, f(a) € Aa);
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(2) there exists an open covering U = U;U; and, for each ¢, an element f; € Ay, such that
VB € U;, we have py,(fi)s = f(B).

The functor which sends U to Oy makes Sper(A) into a locally ringed space which is called
affine real geometric space. This notion is inspired by the notion of real closed spaces defined by
Niels Schwartz ([35]).

Remark 3.2.1 Note that Ay — Oy and, if U is connected, this becomes an equality.

Definition 3.2.2 A real geometric space is a locally ringed space (X, Ox) which admits an open

S

covering X = U Sper(A;) such that each (U;, Ox|U;) is isomorphic (as locally ringed space) to
i=1

an affine real geometric space.

Definition 3.2.3 A real geometric surface is a real geometric space X where all A; can be
chosen to be regqular 2-dimensional noetherian rings.

Definition 3.2.4 A marked real geometric surface is a real geometric surface X together with
the following additional data :

S
(1) A finite covering X = U Sper(A;) where each A; is a reqular 2-dimensional noetherian
i=1
Ting.
(2) For each i and each prime ideal of height two p C A;, a reqular system of parameters
at the center of (A;)y.

Let A be a regular 2-dimensional ring, m a maximal ideal of A and (z,y) a regular system
of parameters of Ay,.

Definition 3.2.5 A blowing up of Sper A along m is the marked real geometric surface X'
defined as follows. X' = Sper Ay U Sper Ab, where A} = A [£], A, = A [g] and

Sper A} N Sper AL = Sper A} \ {y = 0} = Sper A4\ {z = 0}.

We have a natural surjective morphism m : X' — SperA.

Take a prime ideal p C SperAy such that ht(p) = 2. Then pN A = {m}. The field extension
ks A g algebraic. Let 3y be the image of £ in ATll and let f = 2 + a2 + ... +ag € k[z]
be the monic polynomial of G, over k. Let a; be a representative of @; in A. Put x1 = x, y; =

(%)d +ay (%)d_l + - +aq € A}. And similarly for A.
If n is a point of SperA with m = p,, we will also say that w: X" — SperA is a blowing
up along 7.

Definition 3.2.6 Let § be a point of Sper A and let w : A — A’ be a local blowing up and suppose
ped) ; m. The strict transform &' of § is defined as follows. Let pg be the strict transform of
ps and <g be the order of k(ps ) induced by <5 via the natural isomorphism k(ps) = k(ps ).

Remark 3.2.7 Fiz an order on k. Let D be the set of points § € Sper(k[z]) which induces the
given order on k. Given 2 points &1 # 62 € D such that ht(ps,) = 1, we view 61,02 as elements
of k. We may speak about the interval (61,62) = {0 € E | 81 < 2(8) < 82}. If § is not a closed
point, we compare &; and z(8) via the natural embeddings k[2](8) < k(z) and k C k(z).
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Now, given a blowing up along m as above, consider the open set Sper(A[2]). The set of
points & € Sper(A[2]) such that () = 0 and which induce the given order on k is homeomorphic
to E.

Finally, let X be a real algebraic surface such that D C Sperk[z] C X. Let +oo denote
the point of D with support (0) such that z(+o00) > ¢ for all ¢ € k. Let 0 be the closed point
of X such that 30 € {+o0}. Assume that there is an open set Sper A; C X such that pss in A;
has height 2. We extend the above notion of interval to include the case when 6o = 50 with the
obvious meaning assigned to [61,] = Uss,[01,0] U{}, (01,39),.... Similarly, we may take a

closed point —0 € {—o0} and talk about intervals of the form (30,61), [30,01) and so on.

Lemma 3.2.8 Let E be as in the remark before and 61 < 62 C E such that ht(ps,) = 1. The
semi-open interval [01,02) and the open interval (§1,02) are connected.

Proof : We will prove it for the open case, the semi-open being similar. Let k < k be the
inclusion of k into its real closure determined by the given order. This map corresponds to a
morphism Sper(k|[z]) — Sper(k[z]) which induces a homeomorphism between E and Sper(k[z])
sending (d1,d2) to an interval (01,d2) where 81,82 € k. It is well-known and easy to prove that

such an interval is connected - in the spectral topology (see for instance [7]). O

Definition 3.2.9 Let £ = {e¢ € Sper(A) | p. = m}. The sets 7 1(¢), € € € are called the
components of ! (m).

Let X = J;_, Sper(4;) be a marked real geometric surface and m; a maximal ideal of A;
such that there exists § € Sper A; with ps = m;. For 1 <4 < s such that § € Sper A4;, let m;
denote the support of § in A;.
If 6¢SperA;, let X! = SperA; with the identity map X; — SperA;. If 6 € Sper A;, let
X! — SperA; be the blowing up of SperA; along m;. Let Z,y be a regular system of parameters
at m;, then B B
/ Z Yy
X; = SperA;[=] U A;[Z].
0] z

The marked real geometric surfaces X7,..., X/ and the maps X! — SperA; glue together in a
S

s

natural way to give a marked real geometric surface X’ = |J X/ and the map X’ — X, which
i=1
we call the blowing up of X along m; or the point blowing up of X along m;.

Let (A, m, k) be a regular 2-dimensional local ring and (z, y) a regular system of parameter.
Now consider a sequence

X, 5 B X T8 Sper(A) (114)
of point blowings up where the first blowing up m : X; — Sper(A) is the blowing up along m.

Fix a point € € Sper(A) such that p. = m - this is equivalent to fixing a total ordering on
k. For g € {0,...,t — 1}, let n, € X, be the closed point, compatible with the given order, such
that 7, is a blowing up along 7,.

Fori € {1,...,t}, let X; = (J;_, Sper(4;;) be the open affine covering in the definition of
marked real geometric surface.

Let pj =mgo...omi_1: X; — Sper(A).

Remark 3.2.10 The real geometric space p; ' (m) has the form p; *(m) = |J, SperBjs with By =
kiolzie] where kip is a finite algebraic extension of k and zy is an independant variable.
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Definition 3.2.11 A subset E C p;'(¢) is a component of p;*(e) if E is either a component
of 7TZ-__11(?’]Z'_1) or a strict transform of a component of pi__ll(e) when i > 1.

Definition 3.2.12 Let p; : X; — Sper(A). Fiz a component E C p;'(e). Fiz an index j €
{1,...,si}. A j-distinguished point of E is a point 6 € E such that either 0¢/SperAj; or
p; {({xy = 0}) D {a'y = 0} where (2',y') is a suitable regular system of parameters at §.

A j-mazimal interval 1 is a subset I C E such that there exists j-distinguished points
(51,(52 e F, 01 75 52, such that

(1) I =[01,02]

(2) There are no j-distinguished points in I \ {d1,02}.

Remark 3.2.13 Note that a j-mazximal interval may contain a j-distinguished point, where
J#J

Proposition 3.2.14 Fiz a component E C p; '(¢) and a mazimal interval [61,02]) C E. Take
q € {1 ,2}. There exist j € {1,...,s;} and z;,y; € Aj; such that

(1)2' [51,52] \ {5q} C SperAjZ-,

(2); for all closed § € [01,02]\ {04}, x; is a part of reqular system of parameters of (Aj;)p; .

(3); [61,62) N SperAj; = {n € SperAj; | zi(n) = 0 and & < yi(n) < &2} where 61,65 €
kj; U {—20,50} where the notations are as in the Remark [3.2.7 and the proof of Lemma [Z.2.8.
Proof : Let i = 1. We have X; = SperA[Z] U SperA[%]. Denote A[4] by Ay and A[%] by Aoy.
Let x; = z,y1 = £. Fixing the component F is equivalent to fixing a global order on k; this
data is already given. We have FE N SperA[y;] C Sper k[y1]. Let the notation be as in Remark
B27 with y; playing the role of z.

There are exactly two maximal intervals [0,30] and [0, 0]. Say, for example, I = [0,39],
q = 2, then j = 1 and (x1,y;) satisfy the conclusion of the Proposition. And similarly for the
other three cases.

Now suppose the result true for i —1. Let 0 ;1 = m;—1(dk), kK = 1,2. Note that if [01;, d2]
is a maximal interval of E, then [d; ;_1,d2-1] is a maximal interval of m;_1(E). So, by induction
hypothesis, the results of the proposition hold for [01;—1,d2,-1] C mi—1(E). Let n;—1 be the
center of the blowing up m;_1.

If n;_1¢SperA;j;_1, take j' € {1,...,s;} such that Aj; = Aj_1. Put @ = xi—1, i = yi—1.
Next assume that n;_1 € SperAj;_1. Let &;_1,7;—1 be a system of regular parameters at 7,_1
given the induction hypothesis.

If ni—1¢mi—1(E), take j’ such that A;; = Aji_l[gij]. Put z; = z;_1, i = yi_1.
From now on, assume that 7;_; € m;_1(E) N Sperdj;—1 and x;_1 = &;—1. Let j' € {1,...,s;} be
such that Aj/i == Aﬂ_l[gz:;] Put T, = gz:ll and Yi = Yi—1- ]

We recall some basic facts from Zariski’s theory of complete ideals in regular two-dimensional
local rings.

Let (A,m) be a regular 2-dimensional local ring, x,y a regular system of parameters and
let v be a valuation centered at A.

Definition 3.2.15 An ideal Z in a normal ring B is said to be integrally closed or complete if
it contains all the elements x of B satisfying a monic equation of the form

2"+ ap_12" 4+ ag =0

where a,_; € I"".
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An ideal T in A is said to be simple if it cannot be factored in a non trivial way as a
product of two other ideals.

A local blowing up of A with respect to v along m is a composition of an affine blowing up
along m with respect to v with a localization at the center of v.

Remark 3.2.16 Any v-ideal is a complete ideal.

Now let I be a simple m-primary v-ideal. Then
(1) The set
m=IyDLHD---DI)=1

is entirely determined by I (it does not depend on v).
(2) Let A — A; be the a local blowing up of m and, for ¢ > 1, let I} be the transform of I; (that
is, I/ = a7 I; Ay with p = ordyI;). Then

m=0L2>>---D>I =1

is the set of simple v-ideals of Ay containing I’.
(3) Iterating this procedure ¢-times, we obtain a sequence of local blowing ups

(A,m) = (A1, mq) — -+ — (A, my) (115)

such that the transform 19 of I is my. For any f € A \ I, the strict transform of f in Ay is a
unit of Ay.

We recall the following general result from the theory of approximate roots in regular
2-dimensional local rings ([36]).

Let A be a 2-dimensional regular local ring, v a valuation on A. Now let Qr, k=1,...,g+1
be the approximate roots of v such that Q1,...,Q,¢I and Q441 € I. Each I; is generated by
the generalized monomials [ Q;-Yj .7 € N, such that Y v;8; > v(I;).

Proposition 3.2.17 For each i, there exist reqular parameters x;,y; and natural numbers {1 <
by < -+ <ULy <L having the following properties :
i—1
(1) zy4, is a monomial of the form H Q;Yj, v; €N,
j=1
(2) yu, is the strict transform of Q; in Ay,

(8) Q1,...,Qi—1 are monomials in x¢,,ye, times a unit of (Ag,)(z, 4, )-

For a, 8 € SperA, let 1, ...,Qs be the approximate roots common to « and 3.
Corollary 3.2.18 Ifi <s, both v, and vg are centered at (x;,Yy;).

3.3 A proof of the Pierce-Birkhoff conjecture for regular 2-dimensional rings

Let A be a regular 2-dimensional ring. In this section, we prove that A is a Pierce-Birkhoff
ring ([26]). Our proof is based on Madden’s unpublished preprint ([27]), but there are some
differences. Here, we have tried to present a proof which should be a pattern for a general proof
of the conjecture in any dimension.

Theorem 3.3.1 Let A be a 2-dimensional reqular ring, then A is a Pierce-Birkhoff ring.
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Actually, we prove that A satisfies the Definable Connectedness Conjecture and also, in
the special case where A is excellent, the Connectedness Conjecture.

We start with some results which do not assume that A is excellent and which are needed
in the proof of both of the above versions of the Connectedness Conjecture. Let «, 5 € SperA.
By Remark [0.T.10] we may assume that neither of a, 8 is a spezialization of the other.

There are two possibilities : either ht(< o, 8 >) =1 or ht(< o, 8 >) = 2.

3.3.1 The case of height 1

Let § be the most general common specialization of o and 8 and let p = /< «, 3 > be
the support of 6. Then A, is a discrete valuation ring; call ¢ € A a regular parameter. Since
ht(p) = 1 and neither of a, 5 is a spezialization of the other, we have p, = pg = (0). There
are only two orders on A which induce the given order on A/p : one with ¢ > 0 and one with
t < 0. Since a # B, < a, 8 >= p : of course, any generator g of p writes g = 177, a,bep. As
te<a,fB > ify > 2 v,(9) = v(g) > va(t) so g €< o, > and if v = 1, g changes sign
between « and (3, so again g €< a, 5 >.

Now let fi,...,frd < a,8>=p,s0 f;(6) #0foriec {1,...,7}. As § € {a} and § € {B},
we conclude that o and § belong to the same connected component of SperA\ {fi--- f, = 0}.

3.3.2 The case of height 2

Now assume ht(< «, 3 >) = 2, that is m = /< «, 8 > is maximal. By Proposition 2.T.T]
replacing A by A, does not change the problem, so we may assume that A is local with maximal
ideal m.

Let I =<, > and let Q1,...,Q;41 be as in the end of the preceding section.

Lemma 3.3.2 Fori >3, vy(Q;) = H;;ll a;j.

Proof : Let ¢ = 3, then we can write Q3 = y*2 + ) ¢,s2"y® where ¢,s is a unit in A, with
Vo (2"y®) > v (y). As va(y) > va(x), this implies vy (Q3) = as.
Recall (cf. (I06)) that

d i—1
Q= +3 [ > v Loy | e
/=1 r=1

= ’Y=(’Yl7~~~,%'71)

Now to prove the lemma, it suffices to prove that

i—1
Qi (Qi) < Vi ((H QZ") Q?;([H)) (116)

r=1

for all £ and v such that by, # 0.
First remark that, according to the inequalities (I09) and (ITI]), we deduce by an easy induction
on i — ¢ that

Bi
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We have a;3; = 32021 v;8; + aj(d — 0)B;, so

i—1 i—1 B,
0GB = B <Y it —
j=1 j=1 Hq=j %q

by ([II7).

Dividing both sides by Hi,ﬁ{' —, We get
g=1%4

i1 i1 g1
a%Haq < Z’yjHaq. (118)
q=1 j=1 q=1

By the induction assumption, the left hand side equals Vm(Q?%) and the right hand side
equals Vm(H;;ll Q;-Yj ). Therefore inequality (II6) follows from inequality (II8]).00

Recall that in the special case of dimension 2, a monomial H;-:l Q;’j is standard if and only if
Yo < Qy.

Corollary 3.3.3 Consider two standard monomials H;:l Q;-Yj and Hé’:l Q;-Yj such that
(YVisYie1s - s7) <tex (VisVi_ys---,71) and having the same vy-value. We have

i

Um H Q;YJ > Unm ﬁ Q;Yé

J=1 Jj=1

Let H;":l Qz-j and H;":l Q;-Yj be two monomials. We say that they are equivalent if v; = 7;
for j > 3 and 71 + 72 = 7] + 5. Let n = vn(Q3) ; note that ag = n. Moreover [ks : k||n and
[ko : k] = n if and only if £1|fs.

7 ) 7 .
Corollary 3.3.4 Consider two standard monomials || Q;’J and |] Q;/] such that
j=1 7=1
(72’7’72'—17 .. 773) <lex (71{7’7@{_17 .. 7’7{%) W@ have

7 7

, J
Vm HQ;YJ —Vm HQ;/J = Z’Yé

j=3 j=3 =3 g¢=1 =3 ¢=1

Claim : For ¢; < ay, we have

j—1 -1 j—1
||y < H ayg. (119)
(=3 q=1 q=1



Proof of Claim : By induction on j. For j = 4, the inequality is immediate. Assume the Claim
is true for j — 1. The left hand side of (II9]) can be rewritten as

H g+ Cj— 1Haq<Haq+c] 1Haq<Haq

The Claim is proved.
The monomials being standard, v, 7, < oy, so v, — ¢ > —ay and applying the Claim, we

deduce that
’YZ H Qq > — H Qyq.

ALM“"
&MW’
||::]|

-1

M.

~
Il
w

Since 7; —v; > 1, we get
l—1 j—1 (-1
V; _’Yj)Haq‘i‘Z(’Yz _’YZ)Haq > 0.
q=1 (=3 q=1

Each term being an integer divisible by a9, the former is greater or equal to as =n. O

Let (z,y) be a regular system of parameters of A such that v,(x) = vo(m) and vg(z) =
vg (m)

Recall from ([45], Appendix 5) that the weak transform I’ C A’ of an ideal I C A is
defined by I' = 27T A’ where a = vy (I).

Theorem 3.3.5 Let m: A — A’ be a local blowing up with respect to v,. We assume that
is also a local blowing up with respect to vg. Let o and ' be the strict transforms of a and 3.
Then the separating ideal < o, 3" > is equal to the weak transform of < a, 3 >.

Proof : Since by hypothesis, o/, 3’ are both centered at a maximal ideal m’, we have < o, 3 >;Cé m.
In particular, ¢ < «, 8 >, hence x does not change sign between « and 5. Then f € A changes
sign between o and f if and only if 27 f changes sign between o’ and /3.

Since < «, 8 > is generated by elements changing sign between « and 3, it’s weak transform
is generated by elements which change sign between o/ and ’; hence the weak transform of
< a, 3 > is contained in < o/, 3" >

To prove the opposite inclusion, let I’ =< o/, 3’ > and let I be the inverse transform of
I’ that is the unique complete ideal of A whose weak transform is I’ ([45], Appendix 5, p. 388).
It remains to prove that [ C< «, 8 >.

In order to do this, it suffices to find an element z € I which changes sign between o and
B and such that v,(z) = va(I).

Let J; be the greatest v,-ideal of A" whose v,-value is strictly greater than v, (I). Note

/

that TATA is a k,,-vector space. Let by,... by, b; = Hf:l Q,’", where i is the maximal
_l’_

index /of the approximate roots Qs involved, be a set of elements of I which induces a basis of
1A
JLNIA"
72 = 0 for all j. We may also suppose that b; is the monomial for which the vector of exponents
is maximal in the lexicographical order.
Let z € I be such that v, (Z) = v (I') and Z changes sign between o’ and f'. Let 2T = 292,
Then 2 € TA" and vy (21) = vo(IA") = vy (I). Write 2T = zj 1 zjbj. We may suppose z; = 1.

each monomial being standard. Moreover, since = divides y in A’, we may assume
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By the corollary (3:34]), we have, for j > 2,

i

([ Q) < (][ @) —n<a—n.

r=3 r=3

Write 2f = by + ZﬁZQ(zj:E")(x_"bj). Then, denoting by Z; the image of z; in the residual
n—1

—t
field k,,,, write Z; = Z ct <E> where ¢; € k. So letting a; be an element of A such that a; = ¢
x
t=0
and v; € A be the element v; = Sy o ay'z™"t, we have

Va(vj — zjz™) > nug(z). (120)
Lemma 3.3.6 For j > 2, 27 "b; € A.

Proof of lemma : By corollary B33]), vm(bj) > vm(b1) and by corollary ([B.3.4), Vm(H;:3 Q;-er) <
V(I T3 Q;-le) —n.
Now 71 = V(b)) = via([T5=3 Q") > tn(b1) = ([} Q")) + 1 > n. O

So z = b1 + Zﬁ:z vi(z7"b;) € TA'N A = I (because I is a contracted ideal). Since 2
changes sign between o/ and " and in view of (I20)), z changes sign beween a and 3. This ends
the proof of the theorem. [

Remark 3.3.7 If B = R[z,y]. Let
B = Rlzy1,y1] — -+ — Rlwi, i

be a sequence of blowings up induced by (II1H). Let C; be the preimage of C (see (T1)) in

Sper R[z;, yi]. By proposition (3.2.17), there exist monomials wy, ..., ws,€1,...,€5,01,...,0¢, A1, ...

m x;,Yy; such that

vs(wr) < vs(er), ke {l,...,s}
C; = { 0 € SperR|x;, yi] vs(0;) = vs(Nj), je{l,...,t}
sgns(zi) = sgna(zi), sgns(yi) = sgna(yi)

By connectedness theorem ([21]), C; is connected, hence so is C. This completes the proof of the
Connectedness Conjecture for R[z,y| and so provides a new proof of the classical Pierce-Birkhoff
Conjecture in dimension 2.

Let A be a regular 2-dimensional local ring with regular parameters (x,y). Consider the
set O defined by the inequalities

Z b]l(gejI >5 ni|Q5jli| Vi e {17 s 7T}7 VJ/ € {17 s 7ni} (121)

i=1

and the two sign conditions appearing in ([@I). Let C} be the preimage of C” in SperA,.

Rather than prove connectedness of Cj, we will prove that a® and Y lie in the same
connected component of C}; this will imply that a and § lie in the same connected component
of C'. Let € denote the common specialization of o and 8 ; our assumptions imply that
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pe = my. Let U be the Subset of C” consisting of all the generizations of € lying in Cj. It is
sufficient to prove that o® and g he in the same connected component of U.
There are two cases to consider.

Case 1. Only one component of the exceptional divisor (that is the inverse image pz__l1 (m))
passes through 7.

Case 2. Two components of the exceptional divisor pass through 7.
Let (z¢,ys) be a regular system of parameters of (As)m, such that the local equation of the
exceptional divisor at 7y is xy = 0 in case 1 and x,y, = 0 in case 2.

By Zariski’s theory of complete ideals, for any f € A\ < «, 5 >, the strict transform of f
in Ay is a unit. In other words, f has the form f = zjv in case 1 (resp. f = z}}y;"v in case 2)
where v denotes a unit in (Ag)m,.

Hence the inequalities (I2I]), appearing in the definition of C’, become inequalities of the
form x}} > 0 (resp. zjy;" > 0).

Lemma 3.3.8 Let E be an irreducible component of the exceptional divisor passing through ng,
defined by x¢ = 0. There exists f € A\ < «, 3 > such that f = x}v, v is a unit of (Ag)m, and n
1$ odd.

Proof : Let j € {1,...,¢ — 1} be such that E is the strict transform in X, of 7 (nj—1). Let
v; be the divisorial Valuatlon corresponding to F'; this valuation is defined as follows : for each
f € Ay, write f = x}/g such that ;1 g in (A¢)m,, then vi(f) =n.

Let m = pg D --- D p; the complete list of simple vj-ideals given by Zariski’s theory of
complete ideals. Note that, since j </, p; D< o, 8 >.

It follows from Zariski’s factorization theorem for complete ideals that v;(A \ {0}) is
generated by v;(po),...,v;(p;j). Since the value group of v; is Z, the semigroup v;(A \ {0})
contains all the sufficiently large integer. Hence one of v;(po),...,v;(p;) is odd. O

The lemma shows that x; does not change sign between o and S ¢ in Case 1 (resp.
neither z; nor y, change sign between ¥ and 8¢ in Case 2).

Let U = {0 € Sperd, | sgn(z¢(8)) = sgn(ze()),e ELT} in Case 1 and U = {J €
SperAy | sgn(z¢(0)) = sgn(xe()), sgn(ye(6)) = sgn(ye(a)), € € {3} in Case 2. The above reaso-
ning shows that a®), ) ¢ U c U.

To prove the Definable Connectedness Conjecture (resp. the Connectedness Conjecture

for excellent A), it remains to prove the definable connectedness of U (resp. connectedness of U
whenever A is excellent).

We are now ready to prove the two versions of the Connectedness Conjecture.

Proposition 3.3.9 Let A be an excellent reqular local 2-dimensional ring. Let C be as in (91).
Then C' is connected.

Proof : Let ¢,/ and U as above. By the above considerations, it is sufficient to prove that U is
connected. Thus it remains to prove the following lemma.

Lemma 3.3.10 Let A be an excellent reqular n-dimensional local ring, x1,...,x, reqular para-

meters of A. Fir a subset T C {1,...,n} and let D = {6 € Sper A | ;(6) >0, i € T and € €
{6}}. Then D is connected.
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Proof : € determines an order on k. Let R denote the real closure of k relative to this order.
Consider the natural homomorphisms

A— A=kK[X1,...,X,]] > R[[X1,...,Xn]] (122)

where ¢ is induced by e.

Let ¢ denote the point of Sper A such that p; = (X1,...,X,) and < is the total ordering
of k given by e.

Following ([3], proposition 8.6), D is connected if and only if

D = {6 € Sper k[[X1,...,X,]] | X;(0) >0, i € T,é € {6}}

is connected (this is where we are using the fact that A is excellent). Moreover, D is homeomor-
phic to

D = {6 € Sper R[[X1,...,X,]] | X;(6) >0, i € T}.

So it suffices to prove that D is connected.
By ([3], proposition 8.6), D is connected if and only if the set

D' = {5 € Sper R[X,... s Xnl(x1,x0) | Xi(6) >0, i €T, & is centered at (Xi,...,X,)}

is connected.
Define

Dy ={d € Sper R[Xq,...,X,,] | Xi(0) >0, i €T, § is centered at (Xq,...,X,)}
and
Dioe = {0 € Sper R[X1,..., Xn]x,-x, | Xi(6) >0, i €T, §is centered at (X1,...,X,)}.

Now the maps ¢ and ¢ below induce homeomorphisms ¢p, : Do = Djoe and ¢p, : Do =

D,
¢
R[Xy,..., X,] R[X1, ..., Xu]lx,x,
J
R[Xl, . 7XTL](X1,...,X7L)
So it suffices to prove that Dy, is connected. But
Dloc = ﬂ DN
NeN
where

1
Dy = {0 € Sper R[X1,..., Xp]x,.x, | N 2 X;(0) >0, i€ T}.

By Proposition 7.5.1. of [7], each Dy is a non empty closed connected subset of
Sper R[X1,...,Xn]x,..x,,, hence Dy, is connected by ([2I], lemma 7.1). O

This completes the proof of the Connectedness and Pierce-Birkhoff Conjecture for any
excellent 2-dimensional ring A.
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Remark 3.3.11 The above proof is a special case of the following general principle. Let A be
an excellent reqular local ring with regular parameters © = (x1,...,xy,) and real closed residue
field R. We have natural morphisms

Sper A Sper R[[X1,...,X,]]

|

Sper R[X1,... 7Xn](X1,...,Xn)

Let D C SperA be a constructible set such that all the elements of A appearing in the definition
of D belong to AN R[X1,..., Xn](x,,.. x,) Let D= ¢~ 1(D), let U be the subset of all points
of Sper R[X1,..., Xn](x,,.. x,) centered at the origin. Let Dy be the subset of U defined by the
same formulas as D. By ([3], proposition 8.6), to show that D is connected, it is enough to prove
that D, is connected.

In many cases, this principle applies also to nested intersection D = ﬂ Dy of construc-

NeN
tible sets defined by elements of AN R[X1,..., Xu](x,,. x,)-

This allows to generalize all the results of ([21)]) from the case of polynomial rings to that
of arbitrary excellent reqular local rings with real closed residue fields.

3.4 Proof of the Definable Connectedness Conjecture

Next we prove the Definable Connectedness Conjecture, hence the Pierce-Birkhoff Conjec-
ture, without the excellence hypothesis on A.

Proposition 3.4.1 Let (A, m, k) be a reqular local 2-dimensional ring, (x,y) a reqular system
of parameters. The sets

U = {6¢€ SperA | z(6) > 0,e € {6}} (123)
V = {6 SperA| z(8) > 0,y(0) >0,e € {0}} (124)

are definably connected.

~X\\-.

U \Y

FIGURE 1 — The sets U and V'

Proof : By contradiction. Write U = F[| G, F = JF;, G = |JG; where F;, G; are basic open
sets. Each F; and G; is defined by finitely many inequalities of the form g > 0, g € A. Let
Ji,---,9r € A be the list of elements of A, appearing in the definition of all of F; and G;, and
x. The proof of the proposition will be given after a few auxiliary définitions and results.
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Definition 3.4.2 Let SperA < X1 < --- < X; be a sequence of point blowings up. Let Xy =
szl Sper Aji be the open covering of X, given by the definition of real geometric surface. We

say that gi,...,g, are simultaneously locally monomial in X if for all j € {1,...,s} and any
mazximal ideal m' C Ajy, there exists a regular system of parameters (x',y') of A" = (Ajt)w such
that all of g1,...,gr are monomials in (z',y") multiplied by units of (Ajt)m -

Let g1,..., 9, € A be as in the proof of Proposition .4 and let Sper A <+ X; + --- + X;
be a sequence of point blowings up such that gi,..., g, are simultaneously locally monomial in
X, denote by p; : X; — Sper A the composition of all the morphisms in that sequence (with
the notations following (IT4)). Let U®) = p,1(U), F® = p7H(F), GV = p;1(@).

Take a point § € p; '(e), let A’,m’ 2’ ¢/, Aj; be as in the definition of simultaneously
locally monomial.

Definition 3.4.3 We say that 6 is a special point of pt_l(e) if ht(ps) = 2 and {2’y = 0} =
o €) U{gr - - - gr = 0} locally near 6.

Given a special point ¢ € p,; 1(6) and (u/,v’) a regular system of parameters at d, let
Co,u' ) ={yeX; | d(y)>0, v(y) >0, 6 € {y}}

Lemma 3.4.4 Tuke a point & € p;'(e), not lying on the strict transform of {x = 0}. Let
Alw! !y Ay be as in the definition of simultaneously locally monomial.
Assume that the set p; ' (€) is defined in U == p; 1 (U) locally near ¢ by x' = 0. Let

E={6€p; () | k C Ajs(5) is an inclusion of ordered fields }.

Let 61 be the greatest special point in E such that 61 < £. If no special point of E is strictly
smaller than &, we write by convention §; = —oo.

Let 99 be the smallest special point of E such that do > £. If no special element of E 1is
strictly greater than &, we write by convention ds = 400.

For i € {1,2}, let (2/,v]) be a regular system of parameters at §; such that {v) > 0} N
(61,02) # 0.

Then the set

D(61,62) = C(61,2',v}) U C (83,27, v5) U{s € UM | 2/(6) > 0, {0}()(61,02) # 0}

is contained either in FU or in G

Proof : Assume ¢ is not special. Let F} = F®) N [§1,0] and Gy = GO N [§1,8,]. F}, Gy are
relatively closed in [d1, 2] and [01, 2] is connected (lemma ([B22Z8), so Fy N G+ # 0.

Take a point n € F; N G;. Replacing 7 by its specialization, we may assume that 7 is
closed. For each i € {1,...,r}, locally near 7, write

gi = x,aggv ! /rg; if 7761{51752} and

gi = 2", ' Jgl, v fglif n =6, €€ {1,2} where y =l

Take an open set W, containing 7, such that for all § € W and all i € {1,...,r}, we have

sgn(g;(8)) = sgn(gi(n)). (125)

Since n € F(O NGO, there exist 6 € FONW, v e GO NW and an i € {1,...,r} such
that g; changes sign between § and . Since 2’ (reps. 2, y’) does not change sign between v and
0 this contradicts 125
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Assume ¢ is special and (2/,y') is a regular local system of parameters as in the definition.
Let § € D(1,02) be the unique point such that z/(8) > 0,y'(6) = 0. We have {0} = D(d1,02) N
{y/ = 0}. Then
D(61,09) = {8} [[ D(61,€) T[] D&, 62).

, Let 6_ € D(d1,&) be the unique point such that z/(6_) > 0,y'(6_) < 0 and [y/(5_)|" <
|2'(6-)|,VN € N. Then § € {J_}, in particular,

§ € D(01, 6). (126)

Similarly
d € D(&, ). (127)

By the previous case, each of D(81,£), D(€,d3) is contained either in F®) or GO,

Without loss of generality, assume that D(5;,¢) ¢ F®. By ([I26) and the relative clo-
sedeness of F(*), we have § € F®). By (IZ7) and the relative closedeness of G*), we have
D(£,89) € F 50 D(61,82) € F® as desired. O

Corollary 3.4.5 Let [01,92] be a mazimal interval, then D([d1,0d2]) is entirely contained either
in F® or in GO,

Proof : This follows from the preceding lemma by induction on the number of special points
inside [51, 52]

In order to address the global connectedness, we need a notion of signed dual graph
associated to a sequence of point blowings up of a point € € Sper A and a subset W of Sper A.

For each maximal interval I, take Sper Aj; C X such that I\ Sper Aj; is either empty or
consists of one distinguished point. Pick and fix «; such that I N Sper A]Z C {z} = 0}.
Consider two pairs (I,s), (I,5) where I is a j-maximal interval, I a j-maximal interval
and s,§ € {+,—}. We say that these two pairs are equivalent if the following conditions hold :
(a) I N Sper Aj; N Sper Ay = 1N Sper Aj; N Sper Aj;,
(b) the sets
{0 € Sper Aj; N Sper Aj | sgn(z1(6)) = s}
and
{0 € Sper Aj; N Sper Ay | sgn(x;(5)) = 5}
coincide in a neigbourhood of I N Sper Aj; N Sper Ay,
(c) W@ nSper Aj; € {6 € Sper Aj; | sgn(z(5))
(d) W® N Sper Az C {J € Sper Aj; | sgn(x (9))

{5y NI # 0} #0,

S,
5, {0yNI#0}#0.

Definition 3.4.6 1. A vertex of the signed dual graph T'; associated to X; and W is an equiva-
lence class of a pair (1,s), which we will still denote, by abuse of notation, (I,s).

2. By definition, two distinct vertices (I,s) and (I,3) of I; are connected by an edge of T';
if the following conditions hold :

(a) I and I share a common endpoint & and (xr,x7) form a regular system of parameters
at & ;

(b) write I = [€,67], I = €, 65], then

WO A {5 € X; | sqn(a;(6)) = s, sgn(a;(6)) = 3, T8} 3 €} # 0.
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FIGURE 2 — This figure represents an edge of I'; connecting two vertices (I,s) and (I, 5. Here
I =[0,00], I =[0,00], s =35 =+.
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FIGURE 3 — This figure shows the set U") in the affine charts

Example : I'; consists of one vertex and no edge (see Fig. (3)).

The following proposition describes the transformation law from I'; to ;11 in the case
when W =U or W =1V.

Proposition 3.4.7 Consider the point blowing up m; : X;11 — X;. Let & be the center of the
blowing up.
(1) Let a = (I,s), b= (I,3) two vertices of I'; connected by an edge (a,b) and suppose & is the
point common to I and I. Then ;11 is obtained from T'; by performing the following operation
for each pair of vertices (a,b) as above : remove the edge (a,b) and add a new vertex ¢ and two
new edges (a,c) and (b,c).
(2) Suppose we are not in case (1). Let a = (I, s) where I = [d1,02].
o Case 2.1 : £{61,09} :

(a) If a belongs to two edges (a,b), (a,c) of T';, remove a and the two edges (a,b), (a,c).
Introduce three new vertices d, e, f and four new edges (b,d), (d,e), (e, ), (f,c).

(b) If a belongs to only one edge (a,b), remove a and the edge (a,b). Introduce three
new vertices d, e, f and three new edges (b,d), (d,e), (e, f).

(¢) If a belongs to only one edge (in other words, if i = 1) then I'y = e—e—e is a
chain of three vertices and two edges
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o Case 2.2 : £ € {01,092} :
(a) i =1 and W = U, then I'y = e—e—e is a chain of three vertices and two edges
(b)i>1or W =1V, then each vertex a = (I,s) such that £ € I is an endpoint of T';.
For each such vertex a, we add a new vertex b and a new edge (a,b).

Proof : (1) Let 8} = m; ' (3r), &% = 7 1(67), {2 = 0} the strict transform of {x; = 0}, {a =0}
the strict transform of {z; = 0}, & = {2} =0} N7, (&), & = {2} N (&),

Let ajt1,bit1, cit1 be the vertices of I'; 41 defined by a;+1 = ([£a, 7], ), bix1 = ([, 5}], 3),
civ1 = (J,0) where J = [£,,&)]. Let 2 be a defining equation of the exceptional divisor and o
is the sign of x; on the set {sgn(xzr) = s, sgn(r;) = 5} near &.

The edges joining those vertices are straightforward.

(2) Case 2.1 : (a) Let (z1,y') be a regular system of parameters at {. Assume that

< 0, (128)
y'(62) > 0. (129)

Let & = n~1(d;), i € {1,2}. Let ¢ = n~1(§) N {2} = 0} and d = (67, ¢, —s), f = ([65,¢], 5),
e = ([—o00, 4], s) where [—00, +o0] = {z; = 0} in Sper(Aj,-[g—;]). Again, the edges are clearly
defined. This proves 2.1(a). The cases 2.1.(b) and (c) is similar but easier.

Case 2.2 : (a) Let a = (I,s) and (x7,y’) be a regular system of parameters at . Put
y =2 x;y =y. Let A;; = Alxy,y']. The point £ € Sper Aj; is the unique point such that

57
supp(§)= (zr,y’) and which induces the given order on k. Let A1 = Aj1[z], ] where 2, = %

Let I' C {x, = 0} be the l-maximal interval given by —oo <y’ < 400 and I' C {y/ = 0}
be the 1-maximal interval given b}i 0< :E’I < +o0. 3
Now the vertices of I'y are (I',+), (I',4), (I',—) with the edges clearly defined.

L XY
XXX B

X

FIGURE 4 — This figure shows the set U in the cases 2.2.a and 2.1.c respectively

(b) Let a = (I, s) be a vertex such that £ € I is an endpoint of I';. Suppose that { € Aj;.
Let (x1,y’) be a regular system of parameters at §. Let Ajy1 = Aja],y] where o) = L.

Y
Without loss of generality, assume that z; > 0,y’ > 0 on W,
Let I' C {2} = 0} be the strict transform of I in Sper Aj;;1, it is an (i + 1)-maximal
interval. Let I’ C {y’ = 0} be the (i + 1)-maximal interval given by 0 < z/; < +o00. Now the

50



new vertex b added to I';41 is (I~ ’’+). Tt is connected by an edge to a which is represented in
Sper Aji+ by (I',+). O

Corollary 3.4.8 I'; is connected.

Proof : By induction on ¢. For ¢ = 1, the graph consisting of one vertex is connected. The
induction step follows from the proposition. [

Let us finish the proof of proposition ([B:4.1]). To each vertex (I = [d1,02],s) of I'; we
associate the set D(d1,8;) € U which by corollary (345) is entirely contained in F®) or
G, This defines a partition I'r = {(I,s)| D(61,82) € FO}, T = {(I,s)] D(61,8,) ¢ GV}
of the set of vertices of I';. Assume that I'p # () and I'¢ # 0. Since I'; is connected, there
exist @ = ([014, 024, 5¢) € T'r, b = ([018, 02p), Sp) € T such that (a,b) is an edge of T';. Then
D(814,024) € FO, D(81y,09) € GY and D(814,024) N D(81p, 62) # B. This is a contradiction.
This concludes the proof of proposition (B.4.1]). O
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